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Abstract 
In this thesis, we study the continuous-time mean-variance optimal policies. 
Firstly, we discuss the feasibility to implement the discretized continuous-
time optimal policy to the discrete-time market especially when there are 
constraints in the market. We construct an indicator to tell whether a dis-
cretized continuous-time optimal policy is near-optimal in the corresponding 
discrete-time portfolio selection problem. Secondly, we discuss the perfor-
mance of the continuous-time optimal policies by various probabilities. For 
the unconstrained policy, we derive the explicit expressions for the proba-
bilities. And we also investigate the probabilities by simulation, comparing 
with other known policies. Finally, we extend the numerical methods to the 
real securities market data. 
K e y Words: continuous-time market, discrete-time market, portfolio se-
lection, optimal policy, risk, unconstrained, no-shorting constrained, no-
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Mean-variance model was firstly introduced by H. Markowitz in 1950s for a 
single-period setting, which provided a foundation for modern portfolio se-
lection theory. In the past half century, a huge amount of research had been 
done on the mean-variance problem for different types of market setting. 
Besides the theoretical inspiration, the mean-variance model has also been 
applied in the financial industry to advise on investment practice. Nowa-
days, most investment-aiding softwares include the mean-variance model as 
an important ingredient. 
In Makowitz's world, investors decide their investment at the beginning, 
and then wait for the future return at some specific future time. However in 
a financial market, investors, especially those of financial institutions, often 
trade their risk assets frequently. This gap motivates the recent study on 
the dynamic mean-variance model, including multi-period and continuous-
time models. For a multi-period discrete-time market, Li and Ng [6] got the 
explicit optimal portfolio for the mean-variance problem with deterministic 
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parameters and without constraints. For the continuous-time market, Zhou 
and Li [12] studied the similar unconstrained mean-variance problem. 
In a real financial market , investors are generally not so free on trad-
ing risky assets. Various constraints will be imposed on the portfolios. In 
Markowitz's original work [9], he studied the mean-variance problem with 
short selling prohibited, which is imposed in many real financial markets. 
There are also some other natural constraints regulating the investment. For 
instance, an investor who is bankrupt should not be allowed to trade any 
longer. 
Generally, a more realistic economic model is harder to analyze. This is 
t rue for the dynamic mean-variance problem. When short selling prohibi-
tion or bankruptcy prohibition is involved, the multi-period mean-variance 
problem becomes very difficult, and finding the optimal solution is still open. 
However, it is interesting that the corresponding constrained mean-variance 
problems in a continuous-time market are not as difficult. Zhou, Li and 
Lim [7] studied the problem with no-shorting constraint; Bielecki et.al [1] 
studied the problem with bankruptcy prohibition. Both problems are solved 
thoroughly, and optimal solutions are derived explicitly. 
Those results obtained for continuous-time markets are very beautiful 
theoretically. However in a real financial market, investors can only trade 
discretely in time, and continuous trading is impossible. The results derived 
in continuous-time setting can not be applied directly to the real market, 
which inherently is a discrete-time market. Therefore, we need a bridge for 
conveying the results derived in the continuous-time market to the discrete-
time market. A natural bridge is discretization. Specifically, we discretize the 
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optimal portfolios derived for the continuous-time mean-variance problems 
in some natural way, and then implement them to the discrete-time market. 
Before conducting the discretization, we need to make sure two things. 
(1) The discretized optimal portfolio be close to the real optimal portfo-
lio, namely, it is should be near-optimal; (2) some good properties of the 
continuous-time portfolio should be kept. These are the two main problems 
we will study in this thesis. We will study them in two parts respectively. 
In the first part of this thesis, we will investigate the feasibility of discretiz-
ing the continuous-time mean-variance optimal strategies and implementing 
them into the corresponding discrete-time market. 
Firstly, we discretize the continuous-time mean-variance optimal strate-
gies and investigate whether the discretized continuous-time optimal po-
lices are near-optimal to the corresponding discrete-time problems. To tell 
whether a portfolio is near-optimal for a certain mean-variance problem, we 
compare the value of its objective with the theoretical optimal objective 
value. The objective value of a discrete-time portfolio can be estimated by 
simulation, if the formulae are too complicated. For the theoretical opti-
mal objective value of a discrete-time mean-variance problem, there are no 
explicit expressions in most constrained cases. To get around, we use the 
optimal objective value of the corresponding continuous-time problem serve 
as a reference point, which would be "better" than its discrete-time counter-
part (because a discrete-time portfolio can be regarded as a feasible portfolio 
for the continuous-time problem). 
In the comparison, we also need a criterion to evaluate the optimality 
of the discretized portfolio. This criterion can be set by the difference 
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between the optimal objective values of the discrete-time and continuous-
t ime unconstrained mean-variance problems. Since the optimal strategies of 
the unconstrained mean-variance problems in both discrete-time market and 
continuous-time market are derived explicitly, the difference can be calcu-
lated precisely. This difference reflects the distance between the discrete-time 
market and the continuous-time market. 
Secondly, we also compare the performance of the discretized portfolio 
with that of some other known policies, such as optimal buy-and-hold policy, 
rolling Markowitz policy, and continuously rebalancing policy. The com-
parison with these policies can also show how much the discretized optimal 
policy outperforms the others under the same market setting. Through ex-
periments, we discover that the variance of the discretized continuous-time 
optimal policies is less than that of the other polices, and the increase of vari-
ance of the former is much slower than that of the others when the target 
level increases. 
In this part, we will respectively discuss the near-optimality of the afore-
mentioned discretizing scheme under three market conditions: unconstrained 
market, no-shorting market, and no-bankruptcy market. 
In the second part of this thesis, we will study the target-hitting prob-
ability(the probability that the optimal wealth process hits the discounted 
target during the t ime horizon) of the mean-variance policies, as well as other 
related probabilities, and the impact of the discretization on these probabil-
ities. 
Mean-variance portfolio selection model only concerns the mean and the 
risk of the terminal wealth, measured by the expectation and the variance. 
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In the real world, investors also concern whether their target level can be 
reached or not. In a dynamic market, investors can improve the target-
achieving probability by modifying the optimal portfolio: when the wealth 
process of the optimal portfolio hits the discounted target level, the investors 
need not to continue the optimal policy; he/she can simply liquidate all 
the risky assets and put all the money into the risk-free asset. The target 
level will then be achieved at the terminal t ime finally. It is surprising that 
the target-achieving probability after this adjustment will be very high. In 
Zhou and Li [8], the authors prove that this target-achieving probability for 
unconstrained mean-variance optimal portfolio has a uniform lower bound 
at about 80%, regardless of the target level and the market parameters. 
An operational problem may happen in the implementation of optimal 
mean-variance portfolio. As we mentioned before, an investor in bankruptcy 
will be prohibited from short selling any risky asset, or even borrowing money 
from banks. So when the wealth of the portfolio becomes non-positive, the 
investor will be forced to quit the market. This is an unfavorable situation, 
and investors will undoubtedly prefer a lower probability of this situation. In 
this thesis, we provide a explicit formula for this probability, and find that 
this probability can be close to 1 when the investor is very aggressive. 
If a portfolio can drive the wealth process to hit the discounted target 
before hitting zero, then in applying the modified policies mentioned ear-
lier, the investors will have no concern on the bankruptcy. Therefore the 
probability of hitting discounted target before hitting zero deserves a study. 
In this thesis, we also derive this probability for the optimal unconstrained 
mean-variance policy. Furthermore, we conclude that this probability goes 
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to zero when the terminal t ime goes to +00 and goes to 1 when the terminal 
t ime goes to 0. 
The conclusions above are for a continuous-time market. It is interesting 
to investigate if they still hold true for a real security market which is by 
nature discrete-time. To see this, we first study the corresponding probabil-
ities by numerical simulation. In the simulation, we discover that the 80% 
rule still holds approximately when the t ime interval is very small, while 
the lower bound of the probability is slightly less than 80% when the t ime 
interval is larger. The probability that bankruptcy ever happens in the sim-
ulation is lower than its continuous-time theoretical value. The formula for 
the probability of target-hitting-before-bankruptcy is very complicated. We 
only estimate its value by simulation. In the simulation, we also study the 
sensitivity of these probabilities on various parameters, such as the target 
level, length of the t ime horizon and the risk premium. 
In the last part of this thesis, we test the discretized mean-variance opti-
mal portfolios using the real financial data from the historical trading record 
of Hong Kong stock market. 
Unlike simulation, the historical data resource is limit, and we can not re-
peat experiments as much as we need. In this sense, we collect the price data 
from the history trading as long as possible technically, and then partition 
the entire historical period into several periods. We regard each period as 
one sample of the experiment, and test the discretized mean-variance opti-
mal policies. Before conducting the experiment, we first estimate the market 
parameters from the historical data. 
The rest of the thesis is organized as follows. In chapter 2, we will briefly 
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review the mean-variance models in different market setting, and recall their 
optimal solutions derived in literatures. In chapter 3, after the discretiza-
tion of continuous-time optimal strategies for mean-variance models with 
or without constraints, we compare these strategies with some other widely 
used policies by Monte Carlo simulation and set an indicator to tell whether 
the continuous-time optimal strategy is near-optimal to the corresponding 
discrete-time problem. In chapter 4, we first derive the analytical expressions 
for various probabilities associated with the unconstrained optimal wealth 
process. Then we test these probabilities for discretized optimal portfolios 
by numerical simulation, and investigate their dependence on the parameters. 
In chapter 5, we carry out empirical analysis of the optimal policies using 





The mean-variance portfolio selection model was first introduced by Markowitz 
in his seminal work [9]. In that work, Markowitz studied a single-period 
portfolio selection problem, where short selling is not allowed. This work 
was later extended by removing the short selling prohibition, which became 
a solid foundation for the well-known CAPM theory. With the development 
of modern finance, many classical theories for static market were extended 
into dynamic market. For mean-variance model, the faithful dynamic exten-
sion was carried out in very recent years. In 2000, Li and Ng [6] studied 
the mean-variance problem in a multi-period market. After that , Zhou and 
Li [12] studies the continuous-time mean-variance problem. Further, Zhou 
and his collaborators then studied the continuous-time mean-variance prob-
lem with different market settings and types of constraints. Most of the 
continuous-time mean-variance models were explicitly solved, and properties 
of the optimal solutions were studied in Zhou and his collaborators' work. 
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In this chapter, we recall mean-variance models in different market set-
tings. 
2.1 Markowitz's Single-Period Mean-Variance 
Mode l 
In Markowitz's market, there are m + 1 financial assets which are only traded 
at the beginning of the period [0,T]. The price of the i t h asset is known as 
(0) at t ime 0 and a random variable Si(T) at t ime T, i 二 0,1,-.-,77¾. 
Consequently, the return rate of the i's asset is also a random variable Ri = 
Si(0) • 
An investor holds an initial wealth X at t ime 0, and wants to invest on 
the market, so that his wealth at t ime T is "optimal". Markowitz modelled 
the optimality by two criterion: mean and risk of the wealth at t ime T, or 
equivalently, the mean and risk of the aggregate return rate of the investment. 
Markowitz proposed to measure the risk of a random wealth (or return 
rate, the same thereafter) by its variance. He defined an optimal portfolio as 
follows: Given the expectation of the terminal wealth at a specific level, the 
variance of the terminal wealth is minimized. 
To be consistent with the setup of this thesis, we deviate slightly from 
Markowitz's original model and introduce one of its popular modifications. 
Among m + 1 assets, suppose the first one is risk-free with interest rate R0. 
The other m assets are risky assets with return rate vector R 二 (Ri,..., Rm)' • 
(we use ' to denote the transpose of a vector). The mean and covariance 
matrix of R are denoted by u = ER, S 二 (Uij)mXm = Var(R). 
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Suppose the investor allocates an amount of Xwi in the i t h asset (i = 
0,1,---,771), then ES=o w i X = or equivalent YT=i w i 二 1 -切o. Fur-
thermore, with w = (wi, - , wmy, the expectation of the return rate of the 
investment is 
- m -
E WiX X x Ri m 
E ^ — 二 
x i=o 
= R q - ] - w ' X ( u - R 0 I m ) , 
-m -
Wi X X X Ri m m 
Var ^ = ^ i=i j=i 
= w ' T i U ) ^ 
where I m = (1 , - - - , 1)'. 
Now if the target expectation level of the investor's return rate is R, then 
the single-period mean-variance model can be written mathematically as 
minimize vo'YiW , � 
_ (2.1) subject to Rq + w\u — ROLM) — R. 
By the standard Lagrangian method, we can easily obtain the optimal 
mean-variance portfolio as 
^ = 7 ^ r v v u - ( 2 . 2 ) 
2.2 Discrete-Time Mean-Variance Problem 
In a real financial market, people can trade assets at a serial of time spots. 
This motivates researchers to study multi-period market. 
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In a multi-period market , the whole investment period [0, T] is divided 
into N small periods. The investor can adjust his asset allocation at the 
beginning of each period. 
The assets t raded are similar to those in a single-period market. Specif-
ically, there is a risk-free asset with return rate RQt during period t,t = 
0 , . . . , TV — 1. And there are m risky assets. We denote Rt 二 ..., R7^]' 
as the random return rate vector of these risky assets at t ime period t， 
t = 0, • • •, iV - 1. It is assumed that vectors t = 0, • • •, A^  - 1 are statisti-
cally independent and each Rt has a known mean ut 二 ..., u^1]' — E(Rt) 
and a known covariance E^ = ( S ^ ) m X m = Cov(R t ) . 
Denote 二 [ I l j , . . . ’ n ^ ] , as the monetary portfolio, and X 0 the in-
vestment budget. Xt is the total wealth at the beginning of time period t, 
Z 二 0 , 1 , . . . ,见 The expected terminal wealth z is given. 
The mean-variance portfolio selection problem is modelled as : 
minimize Var [X^v], 
• f E[Xn] = (2.3) subject to < m m 
= E Mm + — E n丨)甩=R° tx t + p:hu 
I ^=1 i=l 
where PT = [PT\ P^ …，P^]' = _ —飧),• • •，(尺广—.麟 
力二 0 , 1 , . . . , iV — 1. 
2.2.1 Opt imal Buy-and-Hold Policy 
The discrete-time mean-variance problem introduced above is not a easy 
problem. Some simplification has been made in literature. One of the sim-
plifications is to focus on the so-called buy-and-hold policy, that is, the policy 
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which buys the assets at the beginning of the first t ime period and then holds 
the assets until the end of the last period. 
This simplification in fact turns the multi-period market into a single-
period market. By the formula (2.2), we can easily calculate the optimal 
buy-and-hold policy as 
川* = 7 - r^Im), (2.4) 
(uN —- rNlmyh-L{uN —— rNlm) 
N-l . iV-1 . where rN = U R°t, uN = [ujy,..., ulN = II t=o t=o .. .. N-l .. • N-l . N-l . 
= ^ = n � / + u\u j t ) - n 4 n < t=o t=o t=o 
2.2.2 Op t ima l Rol l ing Markowitz Policy 
Another simplification is to ensure that the policy be mean-variance optimal 
in each evenly divided t ime period. At period t , the expected return rate 
satisfies that XtR” = z, tha t is, Rt = t = 0 , . . . , TV — 1. Then 
investors solve a single-period mean-variance problem with the target level 
of return rate R t , and allocate their wealth according to the optimal policy, 
which is 
W ; = (u 厂 / — — R ° M 
where R0t 二 R0 ,ut ：= = T^t 二 0广.，N — 1. 
2.2.3 Multi-Period Mean-Variance Opt ima l Policy 
Neither optimal buy-and-hold policy nor optimal rolling Markowitz policy 
i-s optimal for the multi-period mean-variance problem. The optimal pol-
icy for the multi-period mean-variance problem is derived explicitly through 
12 
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dynamic programming by Li and Ng [6] as follows: 
-R°tE-l(PtPl)E(Pt)Xt 
N-l i N-l i 
+ 為 n ^ + ^ T T ( n [ 吼 
k=o 2i/*( n ( 1 - ¾ ) ) k = t + i k _ k=0 -
where t = ..., N — 2, and 
^N-L = — R%E-1、PN_ \ P,N-1、E[PNXN 
N-l 1 
+ x0 n Ri+ eipn—J^讽 p “ , 
k = ° 2i/*( n (1 - ^ ) ) _ k=0 -
N-l 
(l- n ( i - • 
where Bt = E(Pl)E~l{PtPl)E{Pt), //* = ^- i and E[RtR[} 2(z~x0 n _ n o-敢)) 
t = 0 t = 0 
is assumed to be positive definite for all t 二 0,…，W — 1. 
2.3 Continuous-Time Market 
With the development of trading technology, the trading can be made faster 
and faster, and the price information can be made available in several sec-
onds. In other words, the real financial market is closer to a continuous-time 
market. 
After the emergence of Black-Scholes formula, many researchers turned 
their interest into the study on continuous-time market. In this thesis, we 
adopt the continuous-time market setting from Zhou and Li [12]. 
In a continuous-time market with fixed t ime horizon, the randomness is 
modelled by an m dimensional standard Brownian Motion {W(t) : t G [0, T]} 
which is defined on a complete filtered probability space {H, JF, P}, t E 
13 
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[0,T] and T t = <r{VK(«s),s G [0, t]}. There are m + 1 securities being traded 
continuously, one of which is a bank account whose price s 0 ( t ) subjects to 
the following (stochastic) ordinary differential equations: 
I ds0(t) = r(t)s0(t)dt, 
{ <SO(0) = <S0, 
where r(t) > 0 is the risk free interest rate. The other m assets are stocks 
whose prices , i = 1, • • • , m, satisfy the following stochastic differential 
equations: 
I ds^t) = s,{t)[b^t)dt + a^(t)dW^t)i 
{ 5,(0) = i = 1,...，m, 
where b{(t) is the appreciation rate, cr^-(t) is the volatility or dispersion rate, 
and we assume that all the market parameters r(t), (Jij(t) are determin-
istic function in t G [0, T]. 
An admissible monetary portfolio n(t) = [7Ti(t), • • •, nm(t)}' is an Tt-
adapted and L 2 -integrable vector process, where Tii(i) is the capital amount 
invested in stock i. 
Consider an investor, with an initial endowment > 0 and an invest-
ment horizon [0, T], whose total wealth at t ime t > 0 is denoted by x(t). 
Assume that the trading of shares is self-financing and takes place continu-
ously, and that transaction cost and consumptions are not considered. Then 
x(-) satisfies 
f dx(t) m [r{t)x(t) + B(t)'^(t)]dt + ^t)'cr{t)dW{t)% 
< ( 2 - 7 ) 
( = ^o, 
where B(t) - [b^t) — r � , . . .， b m { t ) - r � ] : 
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Assume tha t o • � cr � � > SI,Wt G [0, T]for some 5 � 0 and 0 < / 0 T |(9 � | 2 心 < 
oc which ensures tha t the market is arbitrage-free and complete, (see Bielecki 
et.al [1],Theorem 3.1). 
Define 0(t) = cr(t)~xB(t)^ which is called the risk price. 
In the reminder of this section, we recall the optimal policies for various 
models. 
2.3.1 Opt ima l Unconstrained Policy 
The unconstrained mean-variance portfolio selection problem in the continuous-
time market is stated as follows: 
Minimize Var[x(T)], 
Ex(T) = z, , � 
v ) ' (2.8) 
subject to < 7r(.) is admissible, 
« . ) , 7r(.)) satisfies the equation (2.7). 
The solution for this problem is first derived in Zhou and Li [12] and it 
is stated as: 
冗* �=-[a{t)cj(t)'}-lB{t){x\t) — ’ _ f t T 释), (2.9) 
fT[r{t)-\e(t) \2]dt . where 7 = z-X QeJo and the corresponding wealth process is 
1 , - fn \e(t)\2dt 1 — e Jo 
x*(t) = X e - l T r ^ d s — 小)-_ | 2 ]〜⑷， （2.10) 
where 
Z e I o T \ d ^ 2 d s - x 0 e I o r ^ d s ze^ r ^ d s - x0efo 2 r ^ d s 
= Jo _ l ' M - e / 0 T 1^-)12^ ‘ 
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2.3.2 Bankruptcy Prohibited Opt ima l Policy 
One disadvantage of the optimal unconstrained mean-variance policy is that 
one can not avoid bankruptcy during a investment t ime period, which is 
generally prohibited in a real financial market. An improvement for the 
model is to constraint the portfolio to be no-bankrupt. 
The mean-variance problem with no-bankruptcy constraint is stated as : 
Minimize Var[x(T)]^ 
Ex(T) = z, 
. x(t) > 0, ( 2 - 1 1 ) subject to < 
7r(.) is admissible , 
(x(-), 7t(-)) satisfies the equation(2.7). 
Bielecki et. al. [1] studied this problem and obtained the explicit optimal 
portfolio for any z > x0e^ r(s)心，which is stated as follows. 
, 卞 ) = i V ( — 知 ⑷ “ � � J � T 4 � y � 
=~^{t)a(t)')^B{t)[x\t) - \N{-d.(t,y(t))y~^r[s)dsl (2-12) 
and 
x\t) = \N{-d.{t,y{t))y~^r[s)dS — N(-d+(t,y(t)))y(t), (2.13) 
2 • where N(x) = ^ = /：⑵ e~^dv is the cumulative distribution function of the 
standard normal distribution, 
y � I iimpM fT[2r(s) — I0(^)ds}mp{ f\r(s) I ho(s)\2]ds — f 0(s)fdW(s)}, Jo Jo Z Jo 
, “ � l n ( y / A ) + J t T [ r � + 丨一)丨2/2]心 
= I t , , ： , yJSl\0[s)Vds 
d_�t,y) 二 d + � t , y ) —参 , 
16 
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and (A > 0, /i > 0) is the unique solution for 
(In(A/M)+/nT(r(g)-|g(5)|2/2)d5 \ — J^{\e(s)\2-r(s))ds N I ln(A/^)+J^(r(,)-3|g(5)|2/2)d, \ = 
^ V ] / f 0 / ^ \ \//>(S)丨2心 I 0 
X N (ln(A/M)+/nT(r(,) + lg(5)|2/2)^\ _ J^ r(s)ds N (叫入/") + ^ >㈦卟)|2/2)心、=之 、v ) … 。 I ⑷ 丨 他 ) 
(2.14) 
When all the coefficients b(t), c r⑷， r � are t ime invariant, we substitute 
y(.) by the following expression: 
y(t) = y ( 0 ) e x p { ( r - 3 / 2 | ^ | 2 ) t - ^ W ( t ) } (2.15) 
= y ( 0 ) e x p { ( r — 1/2州 2 ) t - 如 一  ⑴ } , (2.16) 
where V(t) 二（例⑷，...，with v^t) := l n S i ( t ) - l n S i ( 0 ) - ( r - l / 2 E j i i ^ij 2 )t . 
y(0) = M e x p { - [ 2 r - | ^ | 2 ] T } . 
2.3.3 No-Shorting Op t ima l Policy 
In many stock markets in the world, short selling is not allowed, or only 
allowed under some strick conditions. Therefore the mean-variance problem 
with no-shorting constraint is an important model. 
The mean-variance portfolio selection problem with no-shorting constraint 
is stated as : 
Minimize Var[x(T)], 
Ex(T) — z — x0erT, 
. 7 T � > 0, ( 2 - 1 7 ) 
subject to < 7r(.) is admissible, 
(0:(-), 7r(-))satisfies the equation (2.7), 
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where r is given such tha t z — xoer . 
The continuous-time mean-variance problem with no-shorting constraint 
was first solved by Li, Zhou and Lim [7] by stochastic control methods. In 
the following, we state the results. 
Define 
Vi(t) = argmin^R?1|(7(t)V — a � ― � � |2， 
V2{t) = argmia^R^^�V + a{t)~lB{t)\\ 
Define a x = 二 e/�T则‘胁)心，then a x < l , a 2 > 1. 
(1) When ai < 1，then for any rT > f f r(s)ds, the solution for problem 
(2.17) is: 
工⑷= x 0 e f o r ^ d s [7 + (1 — 卵 ( s 勢番 •⑷丨“ 2 ]脅晰⑷ , 
7r(t) = - X(t) Vx(t), 
rT _ J 0 [f-r(s)]ds ^  
where 7 = ： = = 1 ^ L � 1 -
1 l — a\ — 
(2) When a2 > 1, then for any rT < f f r(s)ds, the solution for problem 
(2.17) is: 
a ; � = x 0 e f o r ( s ) d s [7 + (l— '胁H小)'巧⑷I"2恤州⑷'小)册叫， 
rT _ I [r—r(s)]<i3 where 7 = ： < 1. 
1 1—a2 — 
2.4 Continuously Rebalancing Opt ima l Pol-
icy 
The continuously rebalancing policy is a constant proportional policy w(i)— 
w = (wi,. ••，w m y during the whole investment time horizon [0, T], which is 
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an optimal solution to the following problem: 
min Var[x{T)]^ 
r Ex(T) = x 0 e f T , , � 
v J ， (2.18) 
s.t. < dx(t) = x(t)[r (t)dt + w'B{t)dt + w'(i(t)dW{t)l 
$(0) = x0. 
When the market parameters b{t),r(t),cf(t) are constant during [0,T], the 
above problem is simplified to the following problem: 
min 2w'B-{- \w'a\2, , � 
1 1 ' (2.19) 
s.t. r + w' B = r. 




Opt imal Policies 
In this chapter, we investigate whether the discretized continuous-time opti-
mal policies are near-optimal to the corresponding discrete-time problems. 
To tell whether a portfolio is near-optimal for a certain portfolio selection 
problem, we compare the objective value under this portfolio with the min-
imal objective value. In most of the discrete-time mean-variance problems, 
especially when there are some constraints on portfolios, both of these two 
objective values are difficult to calculate. So, we do not compare these two 
objective values directly when they are unavailable. Instead, we first esti-
mate these two values, and then compare their estimations. For the objective 
value of a certain portfolio, we estimate it by Monte Carlo simulation. For 
the minimal objective value, we estimate it by the minimal objective value 
associated with the corresponding problem in continuous-time market. 
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For the unconstrained problem, explicit solutions both in continuous-
t ime market and discrete-time market are available, and the difference of 
their optimal values gives an advisable indicator on whether a discretized 
continuous-time portfolio is near-optimal to the corresponding discrete-time 
problem. 
We organize this chapter as follows. In section 3.1，we set up the discrete-
time market, in which we will study our mean-variance problem. We start 
to investigate the near optimality in section 3.2, where we study the optimal 
portfolio of an unconstrained continuous-time mean-variance problem ap-
plied in the discrete-time model. In section 3.3, we study the mean-variance 
problem with no-shorting constraint. No-bankruptcy problem is studied in 
section 3.4，where in fact we solve a relaxed no-bankruptcy problem. In 
section 3.5, we test the stability of our results via different parameters. In 
section 3.6, we summarize this chapter. 
3.1 Problem Setup 
From now on, At is a fixed time basis, and T = NAt is a fixed terminal 
time. Based on the setup of the discrete-time market in Chapter 2, we 
further assume that the risk free asset (bank account) follows the difference 
equation: 
S0(n + 1) = S0(n)R°(n) = S0(n)er^A\ n = 0，1,... , TV — 1’ 
where the interest rate r(n) is a uniformly bounded scalar-valued function, 
and return rates of other m risky assets stocks in time interval [nAt, ( n + l ) A t ) 
Rz{n) :=5,-(^ + 1)/^(^), 
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n = 0，1,,..，N—\ follow lognormal distribution, tha t is, (lnR\(n)^ •.., lnRm(n)) 
follow the normal distribution with mean ^ ( n ) , and covariance matr ix J2d{n)-
For simplification, we assume throughout this chapter that r ( . ) , / ^ ( . ) , 
X^(-) are all constant and is positive definite. 
The total wealth at t ime nAtn 二 0,... , N satisfies: 
I + 1) = + n ( n y P ( n ) , 
( X ( 0 ) 二 
Denote JF0 二 {P-null sets}, 
兄 = ： j 二 0,1...，n} V K 二。{尸⑴：= 0’...，n — 1} 
Def in i t ion 3 .1 .1 A portfolio n(-) is said to be admissible if TI(n) is . 7 7 ^ - m e a s u r a b l e , 
and 丑 | n ( n ) | 2 < +oo for any n = 0,1，...，TV — 1. 
R e m a r k 3.1 .1 The condition E\U(n)\2 < +cx) is inherited from the continuous-
time market structure. 
The mean-variance portfolio selection models we are going to consider in 
this chapter are all special cases of the following general problem: 
Minimize Var(X(N)), 
EX(N) = z, 
II(.) is admissible, 
subject to ^ 
(X(.) , I I ( . ) ) satisfies equation (3.1) with initial wealth 
(X(.) , I I( . ) ) satisfies some other constraints, 
(3.2) 
where x0 G > x 0 e r T . In words, problem (3.2) is to minimize the 
investment risk, which is measured by the variance of the terminal payoff, 
subject to an initial budget constraint (specified by x0) and a target expected 
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terminal payoff (specified by z) and some other investment constraints, which 
will be specified in the problem. The trade-off between return and risk is 
realized by achieving the minimum possible risk after one specifies the target 
level. 
Later we will often compare these M-V problems (3.2) with the M-V prob-
lems in the continuous-time market. In this chapter, a special continuous-
t ime market is considered, where the market parameters r(t),b(t), cr(t)= 
[ai(t)J\ • . . , crm(t)f] are constants and they are related to the parameters in the 
discrete-time market Cov(lnRi, lnRj)=厶 tqcr j and ^ = (bj - | YT=I ^ i k ) ^ -
Recall the M-V problem in the continuous-time market: 
Minimize Var(x(T))^ 
Ex(T) = z, 
7r(.) is admissible, 
subject to < 
(x(-), 7r(-)) satisfies equation (2.7) with initial wealth 
(x(-), 7r(-)) satisfies some other constraints, 
(3.3) 
where x0 G H + , ^ > x0erT. 
By the definition of the stock prices which follows the stochastic differ-
ential equation: 
I ds^t) = s,(t)[b,dt + ZT=i 
[5,(0) 二 Si, i = 1,... ,m, 
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we see that Si(n-\-l)/Si(n) has the same joint distribution as Ri{n) in discrete-
time. Furthermore, we define a mixed problem as follows: 
Minimize Var(x(T)), 
Ex(T) 二 z, 
7Tj(-)/«Sj(-) is constant m[(n — VjAt^nAt), 
subject to < 7T(n) is a(s(kAt)：尧=1, • • •, n) admissible, 
7r(.)) satisfies equation (2.7) with initial wealth 
«•),丌（•)）satisfies some other constraints, 
(3.5) 
where x0 G R+,之 > x0er . 
In other words, the mixed problem is an M-V problem in a continuous-
time market with discrete-time portfolios. Because the joint distribution of 
+ 1)/5,-(^) in this mixed problem is the same as that in the discrete-time 
market, if the "other constraints” are the same for (3.2) and (3.5), the min-
imal variances of these two problems are same, which is no smaller than the 
minimal variance of the continuous-time M-V problem (3.3). Furthermore, 
for any feasible solution n(n) = f ( x 0 , z, n, s ( j ) j = 0 ^ n ) for the mixed problem 
(note that all the feasible portfolios can be written in this form for some 
measurable function f) , the portfolio II(n) — /(x0,么，n,分(j)J=0’…，n) for the 
discrete-time problem has the same probability distribution as that of n(n). 
In this sense, the mixed problem is equivalent to the discrete-time problem. 
Therefore, if we solve the mixed problem, then the results can be replanted 
into the corresponding discrete-time problem. Later, we will also call a mixed 
problem as a discrete-time problem. 
When there is no other constraints, the problem is called unconstrained 
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M-V problem. When II(-) is restricted to be nonnegative, the problem is 
called no-shorting M-V problem. When is restricted to be nonnegative, 
the problem is called no-bankruptcy M-V problem. 
In the continuous-time market, all these three problems have been solved 
explicitly in [12, 1，4]. However in a discrete-time market specified above, 
these problems are more difficult. Unconstrained problem is solved in [6] 
by dynamic programming, while for the no-shorting problem and the no-
bankruptcy problem, dynamic programming does not lead to the explicit 
solutions because there are no explicit solutions for single-period selection 
problems. 
In this chapter, we do not intend to solve these problems explicitly. In-
spired by the fact that the continuous-time market can be regarded as a 
limit of the discrete-time market when the t ime basis At goes to zero, we 
conjecture that after some discretization, the continuous-time optimal port-
folio may be regarded as a near-optimal portfolio for a discrete-time market 
M-V problem. 
In the following, we are going to address this conjecture. 
3.2 Unconstrained Problem 
We start with the unconstrained case, which is easier than others. For the 
unconstrained problem, Li and Ng [6] gave an explicit optimal portfolio and 
the minimal variance. Although Li and Ng's work renders it unnecessary 
to find a near-optimal solution for the unconstrained problem, we want to 
verify our conjecture that we can take advantage of the results obtained for 
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the continuous-time market to solve the problem in the discrete-time mar-
ket. What is more important is that the difference in the minimal variances 
between the continuous-time problem and the discrete-time problem can be 
set as an indicator for "near-optimality". 
We first compare the minimal variance for the discrete-time problem and 
continuous-time problem with the same expectation level z. 
According to Li and Ng [5], the optimal solution for the discrete time 
mean-variance problem is 
/^iT/At 
V； = 寧t�EXT — x � " ) 2 , (3.6) 
where 
C = 1- EP\E[PP'})~lEP. 
According to Zhou and Li [12], the minimal variance for the continuous-
time problem is 
p-pT 
Var(x(T))=丄(卿)"^erT)27 (3.7) 
where p = |沒 | . 
L e m m a 3.2.1 When At 0, C 寧 e ~ p T . 
Proof: By the definition of P(n), EP(n) is a constant in n, (so we write 
EP instead of EP{n)). Now 
EP = e b A t - e r A t = {b - r)At o(At), 
Ei^Pj] 二 ^ b ^ a ' ^ t — e(bl+r)At — e(bJ+r)At + g2rAi = + 0(At), 
B = EP\E[PP'])~lEP 
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=(b - r)f[(T(T,]-\b - r)At ^ o(At) 
=pAt-\-o(At), 
C 寧=(l-^At + o(At))T/A< 
二 e"pT + 0(At). 
The proof is complete. 口 
Corol lary 3 .2 .1 When At — 0, V； K*-
Corollary 3.2.1 shows that when At is very small, the difference of the 
minimal variances between the discrete-time problem and the continuous-
t ime problem will be very small. So we can expect that when we implement 
the continuous-time optimal policy to the discrete-time model, the variance 
will also near the minimal variance V^. This property validates our conjec-
ture that we can discretize the continuous-time optimal portfolio to construct 
a near-optimal portfolio for the discrete-time market. 
By Zhou and Li [12], we know the optimal policy is 7v(t) = [aa']'1 B ^ e ^ ^ -
xf^t)), where 7 is a parameter such that the expectation constraint Ex*(T)= 
么 is satisfied. In the continuous-time model, this parameter is 7 C 二 z ~ f _ e - p T x ° • 
When we discretize this optimal portfolio to construct a near-optimal port-
folio in the discrete-time model, we must adjust the parameter 7 such that 
the constraint EX(N) = z is satisfied. We denote this 7 as and calculate 
it as follows: 
X(n + 1) = X(n)erAt + n(nyP(n) 
=X(n)(erAt - B ' i a a r ' P i n ^ ^ ^ - ^ B ' i a a r ' P H , 
EX(n + 1) 二 E[E{X(n l)\^nAt)} 
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- E [ X ( n ) e r A \ l - B'laa^EiPin^At)) 
=EX{n)erAt(l - B'[cjcj']-lEP{n)e-r^) 
+ lder^l)~N)B'[cj(j']-lEP{n)e-r^\ 
N-l 
EX{N) = erT[x0CN^DYl j=o 
where C 二 1 —例卯‘]-1 丑Pe—rA�D 二 7de~rTBf[aa/}-1 EPe~rAt = 7de-斤(1-
C). Therefore, 
z — x0CNerT 
= i - C N ‘ 
Remark 3.2 .1 Similar to the proof of Lemma 3.2.1，we can prove that 
7C when At —)- 0. 
Now we discretize 7r(.) into 
^ c ( n ) = [卯广饵 ^ + -巧“— X㈧ ) . 
Our aim in this section is to investigate whether 7r如(.)is a near-optimal 
portfolio for the discrete-time M-V problem. A direct way is to calculate the 
variance of the terminal payoff X(T) under ^ ( - ) , and then compare it with 
VJ. However, it is almost impossible to obtain the variance under 丌如(.). 
Instead of calculating the variance directly, we estimate it by Monte Carlo 
simulation. For detailed study on Monte Carlo simulation, see [3]. 
We check the near-optimality of 7rdc(-) in the following way: Firstly, we 
specify a set of market parameters. We choose = 1, m = 10, r = 0.05, At = 
0.01, T 二]^N 二 100. We specify the expectation level z by yearly yield rate 
yr - 0.1，and so ^ = e y r x T - 1.1052. In order to improve the strongness of 
our conclusion, we randomly generate other market parameters (b,a) such 
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tha t cr is invertible. Also 0 = a - � b — r) satisfies that |6>| is not very large 
(which means the risk premium is not very high, so tha t the market is not 
abnormal). Then we do the simulation by the following algorithm: 
1. Simulate the Brownian Motion at t ime sets {nAt : n 二 0,1’...，TV}; 
2. Calculate the return process from the simulated Brownian Motion; 
3. Implement the discretized continuous-time optimal portfolio, and get 
the terminal wealth; 
4. Repeat (1)-(3) for 10000 times, and get 10000 samples for the terminal 
wealth; 
5. Take the sample mean and variance as the estimation for the mean and 
variance of the terminal wealth. 
Because the standard deviation of the terminal payoff has the same scale 
as the wealth, the comparison between the standard deviations make more 
sense. Denote Std* as the minimal standard deviations of the continuous-
t ime M-V problem, Std*d as the minimal standard deviation of the discrete-
time M-V problem, and Stddc as the standard deviation of the terminal 
wealth under the portfolio 7Tdc(')-
To compare with Stddc, we also calculate the standard deviation of the 
terminal payoff under optimal buy-and-hold policy Std\h and that under 
optimal continuously rebalancing policy Std*r. 
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In one of our experiments, we generate 
b = ( 0 . 1 1 8 9 0 . 3 2 6 1 0 . 0 5 8 3 0 .1934 0 . 0 3 8 1 - 0 . 0 3 2 8 - 0 . 3 4 1 2 - 0 . 1 9 5 1 0 . 5 4 1 5 0 . 4 0 5 3 ) , 
/ - 0 . 3 3 6 6 0 . 3 1 1 9 - 0 . 5 7 5 2 - 0 . 5 7 2 5 - 0 . 4 0 4 1 0 . 4 4 5 8 0 . 2 8 6 5 0 . 0 2 2 8 0 . 9 8 5 8 0 . 2 3 1 6 \ 
- 0 . 1 5 9 0 - 0 . 4 1 9 4 0 . 1 5 9 4 一 0 . 0 8 4 1 0 . 1 6 5 0 0 . 3 5 5 3 0 . 1 2 7 5 0 . 0 2 3 9 0 . 6 0 3 9 0 . 8 8 4 3 
- 0 . 4 3 5 9 0 . 4 1 7 2 0 . 4 3 3 7 0 . 5 2 5 1 0 . 1 7 7 8 - 0 . 7 6 7 3 0 . 3 2 3 0 - 0 . 0 4 7 0 0 .8120 - 1 . 2 1 7 0 
0 .1160 - 0 . 3 0 9 4 0 . 0 8 7 8 0 . 5 4 8 2 0 . 0 9 4 5 - 1 . 1 4 9 9 0 . 2 1 8 9 - 0 . 2 3 5 6 0 .0530 0 .8632 
- 0 . 4 5 9 5 1 .0409 0 . 3 6 7 8 - 0 . 0 5 6 6 - 0 . 8 8 8 8 - 0 . 3 2 5 1 - 0 . 1 6 9 4 - 0 . 1 6 0 1 1 .0047 — 0 .3702 cr = ' - 0 . 5 9 8 8 - 0 . 7 1 2 7 - 0 . 0 6 3 3 - 0 . 0 8 6 6 0 . 6 2 8 8 - 0 . 1 1 9 2 - 0 . 1 6 7 5 - 0 . 0 5 8 2 0 . 4 9 6 3 0 .1113 
- 0 . 9 5 7 0 0 . 0 5 9 3 - 0 . 6 9 9 7 - 0 . 2 5 6 4 0 . 2 6 1 3 0 . 8 3 5 0 - 0 . 2 5 2 8 — 0 . 0 9 6 1 - 0 . 4 5 3 5 - 0 . 2 4 6 6 
- 0 . 2 8 3 9 - 1 . 3 8 5 6 - 0 . 1 2 8 6 - 0 . 3 7 3 9 0 . 2 8 8 9 - 0 . 2 3 4 9 - 0 . 5 9 1 5 - 0 . 4 5 4 6 0 . 9 4 9 5 0 . 3 8 3 3 
0 . 4 0 6 4 - 0 . 0 4 8 1 0 . 4 0 4 4 0 . 5 8 4 9 0 . 7 7 8 0 0 . 1 1 5 9 0 . 4 7 1 6 0 . 3 4 6 9 0 .0490 0 .1258 
\ 0 . 4 2 9 1 0 . 4 0 3 7 - 0 . 3 8 4 4 0 . 1 2 0 1 0 . 1 3 4 2 - 0 . 9 6 4 3 - 0 . 2 4 0 2 0 . 7 1 4 8 0 . 1 3 8 2 0 .9301 / 
e = ( 0 . 1 7 7 1 0 . 1 1 5 7 0 . 1 7 0 2 0 .0762 0 . 1 1 7 3 0 .0614 0 . 1 8 6 9 0 .2442 0 . 1 4 3 9 0 . 1 8 5 8 ) ' , 
|g»| 2 = 0 . 2 5 . 
Table 3.1: Unconstrained example with yr 二 0.1 
一 Yr Stddc St�StddeIStdTd - 1 Stdl Stddc/Std^ - 1 Stdbh Stdcr _ 
0.1000 Q.082T" 0.0830 一 -0.0108 0.0819 0.0024 0.1640 0.0895 
0.1000 0,0815 0.0830 -0.0181 0.0819 -0.0049 0.1640 0.0901 
0.1000 0.0844" 0.0830 0.0169 “ 0.0819 0.0305 —0.1640 0.0914 
0.1000 Q.Q824" 0.0830 -0.0072 “ 0.0819 -0.0061 “ 0.1640 0.0896 
"0.1000 0.0846 0.0830 0.0193 0.0819 0.0330 0.1640 0.0897 _ 
Table (3.2) lists the results from 5 simulation runs with the same param-
eters. From the experiments, we see that the difference between the stan-
dard deviation of the discretized continuous-time optimal policy Stddc and 
the minimum standard deviation of the discrete-time problem Std*d is very 
small, which gives us the idea that the discretized continuous-time optimal 
policy is indeed near optimal to the discrete-time problem. Moreover, the es-
timated relative errors between Stddc and Std\ range from -1 .81% to 1.93%, 
which are very close to the relative error between Std* and Std*d, which is 
1.34%. The relative error between these two theoretical minimum values is 
sufficient to offer an indicator on the near-optimality of a policy. And from 
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the experiments, we get the intuitive idea that how small At should be to 
ensure the near-optimality. 
We have carried out similar testings under other parameter settings, 
whose results will be discussed in Section 3.5 to show that the simulation 
is stable. 
Once again, if we are dealing with the unconstrained mean-variance prob-
lem, we do not need near-optimal policies, because there is a theoretical op-
timal policy provided in Li and Ng [6]. But the result here inspires us to 
extend the idea to the constrained mean-variance problem. 
3.3 Problem with No-shorting Constraint 
In a single period mean-variance problem, if shorting is prohibited, Markowitz 
[10] designed an algorithm for lower dimensional cases to find the optimal 
solution. But no explicit solution has been derived for a general case. The 
lack of an explicit solution makes the dynamic programming method, which 
is successful in solving discrete-time unconstrained M-V problem in Li and 
Ng [6], not workable for solving the no-shorting problem in discrete-time 
market. 
Inspired by the unconstrained case, we conjecture that when the t ime 
basis is very small, we can discretize the continuous-time optimal policy into 
a near-optimal portfolio. But the no-shorting problem is not as easy as the 
unconstrained problem. For the constrained problem, we have no theoretical 
optimal value for the discrete-time problem; so we can not tell how far a 
policy is from the optimal policy. 
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Remember that we can calculate the minimal variance for the continuous-
t ime no-shorting M-V problem, and we know that given the same expectation 
level z, the continuous-time minimal variance must be no larger than the 
discrete-time one. Therefore, the former provides a lower bound for the 
performance of any discrete-time polices. To tell how good a given portfolio 
is, we compare the variance of the terminal payoff under this portfolio with 
the minimal variance in the continuous-time market. If the difference is very 
small, then we can conclude that the policy is near-optimal. 
Like with the unconstrained case, we need to discretize the continuous-
t ime optimal portfolio into a feasible portfolio for the discrete-time market. 
According to Jin [4], the optimal portfolio for the no-shorting continuous-
t ime mean-variance problem is 
7^c(t) ^ ( 7 c e r t - x(t))Vu 
where K 二 a rgmin^ € R m Icr'w - 6>|2, = D , which satisfies Ex(T) = z 
and a i = e-^-rimYV.T^ 
When we replant the continuous-time optimal portfolio into the discrete-
time problem we need to find another such that the portfolio is feasible 
for the discrete-time problem; in other words, we need to choose such that 
the corresponding terminal wealth satisfies EX(N) = z. We discretize the 
continuous-time optimal portfolio into 
㈧ 二 
Then the can be calculated as follows: 
X(n + 1) = X{n)erAt + 7vdc(nyP(n) 
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=X(n)erAt(l - V;P(n)e~rAt) +、严 
EX{n-hl) = E[E(X{n^l)\^nAt)] 
=E[X(n)erAt(l - V;E(P(n)e~rAt)) + 7cZernAV/卵㈧] 
=E[X(n)]erAt{l — VlE(P(n)e-rAt)) + ^der^AtV;E(P(n)e~rAt), 
N-l 
EX(N) = e r N A t [ x 0 C N ^ 7 d ( l - C ) ^ C ^ j=o 
where C=l-V;E{P{n)e~rAt) = — 1). Therefore, 
_ e-rTz — x0CN 
= I - C N ‘ 
R e m a r k 3 .3 .1 Like in Lemma 3.2.1, when At goes to zero, we can prove 
that CN goes to ax, and therefore goes to 7, 
Again, we compare the standard deviation instead of variance, and we 
estimate the standard deviation of the terminal payoff under 7Tdc(') by Monte 
Carlo simulation method. The simulation algorithm is the same other than 
that here we can not calculate the theoretical minimal standard deviation 
for the discrete-time market. 
In the following table, we denote by Stddc the estimated standard devia-
tion of the terminal payoff under 7T如(.)，and Std*c as the theoretical minimal 
variance for the continuous-time market. 
We take the same parameters set specified in Section 3.2, and repeat the 
experiments 5 runs. Table 3.2 lists the results of these 5 experiments. From 
the table, we see that the relative errors between Stddc and Std* are all small, 
so the relative error between Stddc and the real minimal standard deviation 
in discrete-time market should be even smaller. Therefore, comparing to 
the indicator, we can conclude that the discretized continuous-time optimal 
portfolio Tide is a near-optimal portfolio. 
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Table 3.2: No-shorting example with yr = 0.1 
W Stddc Stdl Stddcj SU*C — 1 Stdbh S t d ; 
iriOOQ 0.0902 0.0901 0.0011 0.1966 0.0973" 
"OIOOQ 0.0896 0.0901 ^0.0055 0.1966 0.0986~ 
"OIOOQ 0.0922 " O M T 0.0233 ~ 0 l 9 6 6 " 0.0996 
"OIOOQ 0.0897 " O O M T -0.0044 ~0l966~ 0.0973 
0.1000 0.0926 0.0901 0.0277 0.1966 0.0977 
3.4 Problem with No-Bankruptcy Constraint 
For a continuous-time M-V problem, the no-bankruptcy constraint, does not 
necessarily require that shorting or borrowing is prohibited. This differs 
greatly from the discrete-time M-V problem under the no-bankruptcy con-
straint, as shown in the following theorem. 
T h e o r e m 3.4.1 In a discrete-time market, the no-bankruptcy constraint is 
equivalent to the neither-shorting-nor-borrowing constraint. 
Proof: If shorting and borrowing are both prohibited, then bankruptcy is 
clearly impossible. For the other direction, namely, no-bankruptcy implies 
no shorting and no-borrowing, we prove it by several lemmas. 
L e m m a 3.4.1 X is a Gaussian random vector in Rn with non-singular co-
variance matrix. Then for any measurable set A G B{lZn) with positive 
Lebesgue measure, P{X G A} > 0. 
L e m m a 3.4.2 X is the same as in Lemma 3.4.1，a e 1R, and 丌 二 [7^ , • . . , 兀 几 ] G 
Rn. If either a > 0 or some tt,- < 0，then P(7r'ex < a) > 0. 
Proof: If a < 0, then P{7r'ex < a} > < > < 
l n ( a / n ) - l n | 7 r , | , V 7 r ^ 0 } > 0 . 
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If 彐 < 0, then 
P{7Tfex <a} = Pi^TTje^ < a - t y ^ } 
> p ( E m x \ < W* ^ l n ( H +1) — l n ( - � ) } 
> r { X j i l n ( l / n ) - In 1^1, Vi ^ ^ ^ ^ 0 , ¾ > ln ( | a | + 1) - l n ( - ^ ) } 
> 0. 
Corollary 3 .4 .1 Let (X(.)，7r(.)) be a wealth-portfolio pair in a discrete-time 
market If 7r(n) > 0 is not true，or X(n) - 1^(^) < 0, then P(X(n + 1) < 
0) > 0. 
Proof: Denote n0(n) = X(n) — Vtt^). By the wealth equation, we have 
X(n + 1) 二 丌0(n)er" + ^{n)'eY, 
where Y 二 ( i v j „ ， ^ = (¾ — Wi\2/2)At + afAW(n), AW(n)= 
W(nAt-^-At)-W(nAt). So Y follow normal distribution |a,- | 2 /2)At, era'). 
By Lemma 3.4.2, we get the conclusion. 口 
By Theorem 3.4.1, if we want to solve the no-bankruptcy M-V problem 
in discrete-time market market, we should take advantage of the result of 
the neither-shorting-nor-borrowing M-V problem in continuous-time. Unfor-
tunately, the latter is still an open problem. 
In view of the proceeding discussion, we now propose a relaxation of 
the no-bankruptcy problem in a discrete-time market. In a continuous-time 
market, no-bankruptcy means when the wealth reaches zero, neither long 
nor short position on stocks is allowed; in other words, the only possible 
portfolio is 0. Following this idea, we relax the no-bankruptcy constraint in 
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a discrete-time market as follows: 
7r(n) 二 0 whenever X{n) < 0. (3.8) 
R e m a r k 3 .4 .1 The constraint can be extended to the following generaliza-
tion: given a wealth level x, the constraint is 
7v(n) = 0 whenever X(n) < x^ 
where x is called a stop-loss point. But in this chapter, we only consider the 
case when x = 0. 
Under constraint (3.8), bankruptcy can happen. But whenever bankruptcy 
occurs, the wealth will not become smaller. When the t ime basis At is get-
ting smaller and smaller, the probability P{X{N) < 1} for any e > 0 will be 
smaller and smaller. In this sense, we expect the discrete-time problem under 
constraint (3.8) converges to the no-bankruptcy continuous-time problem. 
From now on, we call the M-V problem in a discrete-time market under 
constraint (3.8) a quasi no-bankruptcy problem. 
3.4.1 Quasi No-Bankruptcy Problem 
As analyzed above, when the t ime basis 厶t is very small, the constraint (3.8) 
is expected to be very close to a no-bankruptcy constraint. So we propose 
the following assumption. 
A s s u m p t i o n 3.4.1 When At is small, the minimal variance V* of the quasi 
no-bankruptcy problem is close to that of the continuous-time no-bankruptcy 
problem. 
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We are unable to prove the general validity of this assumption at the moment, 
although we believe it is right. Therefore we have to say that the conclusion 
on the quasi no-bankruptcy problem in what follows is not as strong as those 
on unconstrained problem and no-shorting problem. 
Now we suppose that Assumption 3.4.1 is true. Then as before, we dis-
cretize the optimal portfolio for the continuous-time no-bankruptcy problem, 
and implement it into the discrete-time market. Specifically, 
we discretize it into 
with d+(t,y) being the same as in section 2.3.2, and 
y(o) = 一 2 卜 丨 气 y(n +1) 二 n W - 1 尸㈨. 
When we discretize the continuous-time optimal portfolio, we should ad-
just some parameter such that the constraint EX(N) = ^ is satisfied. But 
here this adjustment is very difficult, because the calculation of EX(N) 
is very difficult. So we do not adjust any parameter in the portfolio, but 
adjust the parameter z in the problem, such that the portfolio ndc(n) is fea-
sible for the problem. Obviously, we need only to adjust the parameter z to 
z' — EX[N), where X(N) is the terminal payoff under the portfolio n d c . But 
how to calculate EX(N)1 Again, the answer is by Monte Carlo simulation. 
We compare the standard deviation in stead of variance. Denote z' and 
Stddc as the mean and standard deviation of terminal payoff under 7Tdc, Std* 
as the minimal standard deviation of the continuous-time no-bankruptcy 
problem with expectation level z'. Then we compare Stddc and Std*c to tell 
whether n^c is near-optimal. 
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Table 3.3: Quasi no-bankrutpcy example with yr = 0.1 
— Y r I ? SUdc I Stdl Stddc/Std* - 1 
0.1000 1.1048 0.0842 0.0819 0.0281 
0,1000 1.1053 0.0820 " 0.0825 -0.0050 
0.1000 1.1060" 0.0841 0.0844 -0.0031 
0.1000 1.1068" 0.0823 " 0.0852 -0.0330 
—0.1000 1.1060 0.0838 0.0844 -0.0079 
In Table 3.3, we list results from 5 independent runs, with the same 
parameters as before. From the results listed in Table 3.3, we can see that 
the difference between Stddc and Std* is small. Compared with the relative 
error between Std*d and Std* in unconstrained case, the relative error between 
Stddc and Std* here should be acceptably small. 
3.5 Stability of the Simulat ion 
So far, we study the near-optimality of the discretized continuous-time opti-
mal policies applied into the discrete-time market. Experimental results are 
illustrated in the case yr二0.1. Here we study whether the property of the 
near-optimality can be kept as the terminal payoff level z increases, that is, 
as yr increases. 
In this section, we choose the following market parameters: T = 二 
0.05, At = 0.01,7V = 100, m = 10, times二 10000, and randomly choose 
6, ¢7 such that \0\ is not higher than 0.5, and do the experiments for yr = 
0.1,0.2,0.3,0.4,0.5,0.6. 
In these experiments, the parameters b, a are randomly generated gener-
ated in the following way: 
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• Randomly generate a number c in (0,0.5); 
• Randomly generate a 10-dimension vector v with norm to be 1; 
• Take 0 = c ^ v] 
• Randomly generate a 10 X 10 nonsingular matrix cr; 
• Take b — aO r. 
Here we list the parameters generated for the following experiments. 
T = 1, r = 0 . 0 6 , A t = 0 . 0 1 , N = 100, m = 10, 
9 = ( - 0 . 0 4 8 4 - 0 . 1 8 6 5 0 .0140 0 . 0 3 2 2 —0.1284 0 . 1 3 3 3 0 . 1 3 3 1 - 0 . 0 0 4 2 0 . 0 3 6 6 0 . 0 1 9 6 ) ' 
/ - 0 . 1 8 6 7 0 . 2 9 4 4 - 0 . 3 9 9 9 - 1 . 6 0 4 1 - 1 . 0 1 0 6 0 . 0 0 0 0 0 . 5 6 8 9 0 . 6 2 3 2 0 . 3 8 9 9 —1.1878 \ 
0 . 7 2 5 8 - 1 . 3 3 6 2 0 . 6 9 0 0 0 . 2 5 7 3 0 . 6 1 4 5 - 0 . 3 1 7 9 - 0 . 2 5 5 6 0 .7990 0 .0880 - 2 . 2 0 2 3 
- 0 . 5 8 8 3 0 . 7 1 4 3 0 . 8 1 5 6 - 1 . 0 5 6 5 0 . 5 0 7 7 1 .0950 - 0 . 3 7 7 5 0 . 9 4 0 9 - 0 . 6 3 5 5 0 .9863 
2 . 1 8 3 2 1 .6236 0 . 7 1 1 9 1 .4151 1 .6924 - 1 . 8 7 4 0 - 0 . 2 9 5 9 - 0 . 9 9 2 1 - 0 . 5 5 9 6 - 0 . 5 1 8 6 
- 0 . 1 3 6 4 - 0 . 6 9 1 8 1 .2902 - 0 . 8 0 5 1 0 . 5 9 1 3 0 . 4 2 8 2 —1.4751 0 .2120 0 . 4 4 3 7 0 .3274 
0 . 1 1 3 9 0 . 8 5 8 0 0 . 6 6 8 6 0 . 5 2 8 7 - 0 . 6 4 3 6 0 . 8 9 5 6 - 0 . 2 3 4 0 0 . 2 3 7 9 —0.9499 0 .2341 
1 .0668 1 .2540 1 .1908 0 . 2 1 9 3 0 . 3 8 0 3 0 . 7 3 1 0 0 .1184 - 1 . 0 0 7 8 0 . 7 8 1 2 0 .0215 
0 . 0 5 9 3 - 1 . 5 9 3 7 - 1 . 2 0 2 5 - 0 . 9 2 1 9 - 1 . 0 0 9 1 0 . 5 7 7 9 0 . 3 1 4 8 - 0 . 7 4 2 0 0 . 5 6 9 0 - 1 . 0 0 3 9 
- 0 . 0 9 5 6 - 1 . 4 4 1 0 - 0 . 0 1 9 8 - 2 . 1 7 0 7 一 0 . 0 1 9 5 0 . 0 4 0 3 1 . 4 4 3 5 1 . 0 8 2 3 - 0 . 8 2 1 7 - 0 . 9 4 7 1 
\ - 0 . 8 3 2 3 0 . 5 7 1 1 - 0 . 1 5 6 7 - 0 . 0 5 9 2 - 0 . 0 4 8 2 0 . 6 7 7 1 —0 . 3 5 1 0 - 0 . 1 3 1 5 - 0 . 2 6 5 6 - 0 . 3 7 4 4 / 
b = ( 0 . 1 5 0 8 0 . 0 9 3 5 - 0 . 0 4 4 7 - 0 . 8 2 5 8 - 0 . 0 0 5 7 0 . 0 6 0 5 - 0 . 1 0 4 0 0 .5606 0 .4100 0 . 0 2 2 9 ) ' 
= 0 . 3 0 3 4 
Table 3.4: Unconstrained example with different yr 
~Yv Stddc Std*d Stdd(JStdrd - 1 Stdl Stddc/Std； - 1 Stdbh Stdcr 
"OIOOT 0.1561 0.1548 0.0083 0.1395 0.1184 2.1592 0.1629 
"O^OOT 0.5794 0.5699 0.0166 0.5138 0.1276 7.9505 0.6713 
T M O T 1.0396 1.0287 0.0105 ~0.9275 0.1208 14.3508 1.4484 
"04000" 1.5554 1.5358 0.0128 —1.3846 0.1234 1 4 2 4 4 2.8382 
Q.500Q 2.1247" 2.0962 0.0136 1.8899 0.1243 29.2418 5.5720 
1 6 0 0 0 2.7577 2.7155 0.0155 2.4483 0.1264 37.8814 11 .04^" 
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Table 3.5: No-shorting example with different yr 
~ Y r Stddc Std*c err Stdbh Stdcr 
0.1000 0.2221— 0.2152 "OQ3l8~ 5.6433~ 0.2321 
0.2000 0.8199— 0.7925 0.0345 20.7798~ 1.0304 
0.3000 1.4727— 1.4305 T.0295 37.5082~ 2.4560 
0.4000 2.2103 2.1356 ~0.Q35Q 55.9960 5.7242 
0.5000 3.0035" 2.9148 0.0304 76.4281" 11.3328 
"576000 3.9030 3.7760 0.0336 99.0091 27.3347 
Table 3.6: Quasi no-bankruptcy example with different yr 
— Y r I z' Stddc Stdl StddJStdl _ Y 
0.1000 1.1056 0.1567 0.1421 0.1032 
0.2000 1.2172~ 0.5783 0.5077 0.1390 
0.3000 "T3263" 1.1018 0.9101 0.2107 
0.4000 T 4 4 9 4 ~ 1.8370 1.4661 0.2530 
0.5000 T 5 8 2 2 ~ 2.9389 2.2359 0.3144 
~Q.600Q 1.7546 4.7619 3.6298 0.3119 
Table 3.4 lists the result of one simulation for the unconstrained prob-
lem. Table 3.5 lists the result of one simulation for the no-shorting problem, 
and Table 3.6 lists the result of one simulation for the quasi no-bankruptcy 
problem. 
We see that when z (or equivalent yr) is larger, the relative error Stddc/Std* — 
1 tends to be larger, which means that we have less confidence to draw the 
conclusion that 7Tdc is near-optimal. Furthermore, we see from the empir-
ical distribution (Figure 3.1) of the terminal payoff X(N) under 7rd c, that 
when z is larger, the distribution is heavier at zero, and the probability for 
bankruptcy is larger. 
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Figure 3.1: Empirical distribution of X(N) with different yr in no-bankruptcy 
case 
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3.6 Concluding Remarks 
In this chapter, we study the optimal portfolios for the continuous-time 
mean-variance problems applied to the discrete-time market. We discretize 
the continuous-time optimal policies, and then test their optimality in the 
discrete-time market by Monte Carlo simulation. Our experiments show 
that for the unconstrained problem and no-shorting problem, the discretized 
continuous-time optimal solutions are acceptable to be near-optimal. For 
the no-bankruptcy problem, we show that its counterpart in a continuous-
time market is not the no-bankruptcy problem, but the neither-shorting-nor-
borrowing problem, whose explicit solution is unavailable now. While we can 
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discretize the optimal solution for the no-bankruptcy continuous-time mean-
variance problem into a solution for the quasi no-bankruptcy problem in the 
corresponding discrete-time market, When the expectation level is not very 




Continuous-Time M-V Optimal 
Policies 
In a mean-variance model, the risk of a portfolio measured by the variance of 
its terminal wealth, is minimized with a specified expected level of terminal 
wealth being achieved. In the real world, investors may feel the risk in 
some other aspect besides the variance. They may also concern whether the 
terminal wealth reached some pre-specified target level, and/or whether the 
portfolio has been cut off when its wealth hits some cutloss level during the 
evolution of the investment. 
For mean-variance optimal portfolio, a natural target level is the expec-
tation level of the terminal wealth. With this target level, Zhou and Li [8] 
studied this target-achieving probability, and prove that it is surprisingly 
43 
Chapter 4 Performance of Continuous-Time M-V Optimal Policies 
larger than 80%, regardless of the expectation level and the market parame-
ters. 
In the real financial market, investors earn higher returns for bearing 
more risk resulted by possible loss on the investment. While their tolerances 
for large loss are finite. Typically, an investor will set a cutloss level, and 
when the wealth is lower than the level during the investment, the investor 
closes all risky positions, and quits the market. For example, an investor in 
bankruptcy will be prohibited from borrowing money from banks and buy any 
risky assets, which means 0 is a critical cutloss level in the market. Cutloss 
is an unfavorable situation, and investors will undoubtedly prefer a lower 
probability of this situation. In this paper, we will derive this probability 
theoretically, and study its properties delicately. 
If a portfolio can drive the wealth process to hit the target before being 
cut off, then the investor will be very happy. The probability of this event 
measures the return and risk simultaneously, while, to our knowledge, little 
research had been done on it. 
In this chapter, we do not mean to optimize these probability, but to study 
them as measurements for the performance of the optimal mean-variance 
portfolio. In fact, as we will show in this chapter, the optimization prob-
lems for target-hitting probability or cutoff probability will be ill-posed in 
most interesting cases. By its definition, the optimal mean-variance portfolio 
performs very efficient in the sense of mean and variance. Here we want to 
investigate its performance in the aspect of probabilities. 
Since the results are to be derived for the continuous-time market, we 
wonder whether they are still true in a real market which is a discrete-time 
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market in nature. To see this, we first investigate the probabilities by numer-
ical simulation. In the simulated experiments, we observe the probabilities 
and study their sensitivity to some parameters. Besides the unconstrained 
continuous-time optimal policy, we also study other optimal polices, which 
are introduced in Chapter 2 on their target-hitting probabilities in the simu-
lated world. Under the same market setting, performance of different policies 
to realize the given target and the sensitivity on the change of the parameters 
are observed and analyzed. 
We organize this chapter as follows. In section 4.2’ for the unconstrained 
optimal wealth process, we derive the probability that wealth process hits the 
discounted target during the investment time horizon, the probability that 
bankruptcy ever occurs during the t ime horizon, and the probability that the 
wealth process hits the discounted target during the t ime horizon without 
bankruptcy occurring before the target-hitting time. In section 4.3, we carry 
out numerical simulation on the unconstrained optimal policy, investigating 
the impact of parameters on the probabilities. In section 4.4, we study the 
optimal policies reviewed in Chapter 2 in a simulated multi-dimensional stock 
market. In section 4.5, we give some concluding remarks. 
4.1 Measures of the Performance by Proba-
bilities 
The optimal mean-variance policy is to minimize the deviation of the terminal 
return from the given mean return level. Although it is one of the main 
framework for portfolio selection problem, the mean and variance are not so 
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intuitive as those probability-related criterion, such as VaR and so on. For 
example, when an investor is told that his/her portfolio will earn more than 
10% return rate with probability no less than 80%, he/she usually feels better 
than being told tha t the return rate has mean 10% and standard deviation 
20%. 
In a financial market, an investor may have two thresholds for his/her 
investment. One is a satisfied target level, which is generally larger than risk-
free return level; the other is a cut loss level, which shows the largest loss the 
investor can endure. When the former is achieved finally, the investors will 
regarded themselves as winners; while if the wealth of the investment cross 
the cutloss level, the investor can not continue the investment because of the 
fear of possible unenduable loss, and has to cut off the investment. Definitely 
investors prefer higher probability of the former and lower probability of the 
latter, and the probability of these two event can be regarded as measures of 
the performance of an investment. 
It should be noted that the cutloss level should be no higher than the risk-
free re turn 1 . In most real financial market, a bankrupted investor is neither 
allowed to t rade securities. Therefore 0 is a natural cutloss level in those 
market. In this paper, we always model the cutloss level by the discounted 
value of a terminal capital amount level, i.e., if the terminal cutloss level is 
Low, then the cutloss level at time t will be Low x e~ ^ r ( s ) d \ 
rp fT 
Given a cutloss level Low X e _ 人 r { s ) d s with Low < r(s)心，can we 
minimize the cut-off probability? The answer is obviously: the minimization 
is not meaningful, because the risk-free investment is always a trivial optimal 
iBecause by the arbitrage-free property of the market, there is no investment that can 
earn return surely larger than the risk-free return. 
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solution, whose cut-off probability is 0. For the same reason, the target level 
Up is interesting only when Up > x0e^o 小)气 
Similarly, given a target level Up, is the maximization of the target-
achieving probability meaningful? The answer is given in the following The-
orem 4.1.1. 
T h e o r e m 4.1 .1 For any z > x0e�o there is no optimal solution to the 
following problem: 
Maximize P(X(T) > z), 
Ex(T) = z, 
s.t. I dx(t) - [r(t)x(t) + B(tyrr(t)]dt + 7r(tya(t)dW(t), 
x(0) 二 x0. 
Proof: By the completeness of the market, we only need to prove that 
the following static problem 
Maximize P(X > z), 
(EX 二 z, s.t. \ 
(E[Xp] = x0. 
admits no optimal solution, where p — e Jo L ^ 2 J o . 
For any constant a, b and integer n � 1 , define Xa,b,n — zlpe[i/n^n] + 
a l p > n + b l p < 1 / n . Then 
EXa^n 二 zPG9e[l/n,n]) + aPG9〉n) + 6Pb<lA0， 
E[XaAnp] = z E [ p l p e [ l M ] + aE[plp>n] + bE[plp<1/n]. 
Consider the equations for a, b, 
— I zP(p e [l/n, n}) + aP{p > n) ^ bP(p < l/n) = z, ^ 
1 z E [ p l p e [ l M ] + aE[plp>n] + bE[plp<1/n] = 
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The determinant of the coefficient matrix is P(p > n)P(p < l/n)(E[p\p < 
l/n] — E[p\p > n]) < 0 when n > 1, hence the equation (4.1) always admits a 
unique solution pair. In other word, For any n > 1, there exists an,bn, such 
that Xa b n is a feasible solution. 
^ Tl Tl y ° 
Notice that when n +oo, P[Xan,bn,n > z) > P(p G [l/n,n]) — 1. On 
the other hand, for any feasible solution X , if P{X > z) = 17 then by the 
condition EX = z, we have P(X = z) = I, which contradictorily leading to 
rT • 
E\Xp] = ze~-lo r(s)心 > x0. This proves that no feasible solution is optimal. • 
For a specified portfolio, an investor can improve the target-achieving 
probability by a slight modification: when the wealth process of the optimal 
portfolio hits the discounted target level, the investors need not to continue 
the optimal policy; he/she can simply liquidate all the risky assets and put all 
the money into the risk-free asset. We call the target-achieving probability 
of the modified portfolio as the target-hitting probability. Given the target 
level Up, the target-achieving probability is P{x(T) > Up}, while the target-
hitting probability is 尸{sup拓[o T ^ � > Up}. 
A more interesting measure on the performance of a portfolio is a mixture 
of the probability on the target-hitting and cut-off event, which says the prob-
ability of the target-hitting before cut-off. If the portfolio hits the discounted 
target level without cross the cutloss level, then in the implementing of the 
modified portfolio, the investor need not to care the cutloss after then. Given 
the target level Up and cutloss level Low X e—工 r(s)心,denote r = M{t > 
0, x(t) > Upxe~'t r ( s ) d s } 2 t h e n target-hitting-before-cut-ofF probability can 
2 I f the set is empty, then we define r = +oo. 
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be writ ten as P{r < T , m f t e [ 0 , r ) ^ r ^ d s > Low X e~ fo r ^ d s } . 
The following Theorem 4.1.2 shows that the target-hitting-before-cut-ofF 
probability can be maximized in the continuous-time market. 
T h e o r e m 4 .1 .2 For any Up > x0e^ r � s � d s , Low < x0e^ r(s)ds，the maxi-
mization of the target-hitting-before-cut-off probability problem 
max P{r < TMte[o,r) x(t)e'fo r ( s ) d s > Low x r i ^ K 
f dx(t) = [r(t)x(t) + B(ty7T(t)]dt + 7T(tya(t)dW(t), 
S.t. < 1(0) = x0. 
� r = inf{t > 0 , x ( t ) � U p X e~ ^ r ^ s ) d s ] 
has a unique optimal portfolio, which is the one to replicate the terminal 
wealth X0 二 U p l p < f c o + (Low+e)lp�A; 0 with the parameter k0 = U p ^ � : L � � w ‘ 
Proof: 
Denote the replication portfolio as 7r0. Define p(t,T) 1 p(T)/p(t), then 
the replicating wealth process is 
x(t) = E[X0p(t,T)\^t} = Up x E [ p t J l p t T < ^ _ ] + Low x E [ p t J l p t T ^ ] 
therefore x(t) G [Low x d � d s , Up x e~ ^ r ( s ) d s ) , and 
P{t < T, inf x(t)e~ior{s)ds > Lowxe~ ^ r ^ d s } - P{X0 = Up} = P�p < k0} 
~ te[o,r) 
For any portfolio 7r, denote the terminal wealth of the modified portfolio 
as then X7" G [Low, Up] and EX^p = And the target-hitting-before-
cut-off probability is no larger than P{X7r 二 Up�. 
Now we claim that 尸{X71 = Up} < P{p < k0} for any portfolio other 
than tt 0 . If this is not true, then PiX71 二 Up} > P{p < k0} and E[plx^< U p ] < 
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E[plp>k0]- Furthermore, 
^o = E[Xy] 
> Up x E [ P 1 X 1 V = U p ] + Low x E[p\xir< U p ] 
二 Upx e - f o T r ( s ) d s + (Low - Up) x E [ p l X 7 r < U p ] 
> Up x e - f o T r ( s ) d s + (Low - Up) x E[Plp>ko] 
= X q 
and t h e equal i ty hold only if {X7" < Up} = {p > k0} = {X7" > Low}, which 
implies X71 = Xq. 
To conclude the calculation, we can see P{p < k0} is the optimal value 
of t h e object ive, which is obtained only at 7r0. 口 
R e m a r k 4 .1 .3 Although the maximization of the target-hitting-before-cut-
off probability is well-posed, the optimal portfolio is something pathologic, 
which is a digital option on the pricing kernel 
Although these three probabilities are not very proper to serve as the 
objective in single-objective optimization problems, they can really measure 
the performance of a specified portfolio. In the mean-variance problem, the 
optimal portfolio is obtained without any concern on these three probabili-
ties. Surprisingly, the 80%-rule revealed by Li and Zhou [7] shows us that 
the mean-variance unconstrained optimal portfolio also performs very well 
in terms of the target-hitting probability. In the next section, we try to in-
vestigate the properties of the optima mean-variance portfolio in the sense 
of these probabilities. 
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4.2 Performance of the Op t ima l Mean-Variance 
Portfolio 
In this section, we will study the probabilities mention in the last section 
for the optimal mean-variance portfolio. Throughout this section, we fix the 
target level and cutloss level at Up > x0e^ r(s)心 and Low < x0e^ r ( s ) c Z s . As 
special cases, we will study more thoroughly when the target level Up takes 
value at the expectation level z and when the cutloss level takes value at 0. 
4.2.1 Target-Hitting Probability 
From the optimal solution (2.10), we know the corresponding wealth process 
x(t) < \ e ~ ^ r { s ) d s . Therefore when Up > A, the hitting probability is 0. On 
the other hand, s u p i G [ o T ] > x0, hence when Up X e一 义小) d s < x0, the 
probability is 1. 
Without loss of interesting cases, we assume that x0e^ r ^ d s < Up < X 
in this section. Then we have 
P{ sup [x(t) - Up X e - ^ r { s ) d s ] > 0} 
te[o,T] 
二 P{ sup [A — — Up] > 0} 
te[o,T] 
二 P{ inf ⑷ -阼 ) 1 2 ] � � ] < te[o,T]L /i 
二 PS i n f fei>⑷-昨)丨2口>(,)] < ^^J0THs)-\e(s)\^s} 
te[o,T] M 
= p { s u p [ e J >陣)丨 2 / 2恤 + ] >⑷册� ] > __e-JoT[小)-丨外)丨2]心} te[o,T] ~ X- Up 
Denote b = i ： [小丨 2 ] 心 Define 诹㈦:=if 1 { x ) 0(sydW(s) 
with g~\x) = mi{t : fg \0(s)\2ds 二 x}. Then W(x) is a standard Brownian 
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motion by virtue of a time-change technique (see, Ikeda and Watanabe [5]), 
and 
p r s u p ^Jt0[ms)\2IAds+it0e{s)dW{s)^ ^ _J^_e-J0T[r(s)-\9(s)\^ 
te[o,T] ~~ X - Up 
= P { sup ^3,/2 + m , ) ] > 
^e[o,foT \9(s)\^ds] 
Therefore the target-hitting probability is 
P{ sup m -Upx e - i T 小)气 > 0} = P { sup > b} 
te[o,T] 踐[o，/QT|0 ⑷丨2 心] 
(4.2) By the formula in [2, p606, 1.1.4], we know 
, … 1 In 6 3 v ^ / 2 1 o … I n 6 3 ^ ^ / 2 � 
where, Erfc(x) = 2(1 — N{V2x))7N(x) 二 S% 翁 -铲 “办 S o 
P { s u p [一一⑷]>6} = [ 1 - - _ ) ] + 印 — + m \ 
and the target-hitting probability is finally formulated into 
P{ sup [x(t)-Upxe-ft 小)气 > 0} 二 [ 1 — ^ ― ^ " ) ] + 沪 [ 1 _ # ( " ^ + 丁 ) ] 
(4.3) 
In equation (4.3), the target-hitting looks very complicated, which in-
volves the parameters in the normal distribution function N(-). While when 
we go back to equation (4.2), we find that the target-hitting probability is 
not so difficult for analysis. 
Fix the time horizon T, then by formula (4.2), the target-hitting proba-
bility is strictly decreasing with respect to b, and b is strictly increasing with 
respect to Up. Therefore when the time horizon is fixed, the target hitting 
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probability is strictly decreasing with respect to the target level Up. This is 
consistent with our intuition: the higher target, the lower probability to hit. 
In the mean-variance model, the expectation level ^ is a natural target 
level. Now let us consider the case when Up — z. 
In this case, by put A and \i into the expression of b, we get b = efo | 0 ( s ) l d s . 
And 
= \ - N f - I ^ I ^ ) ^ , ) ! + [ l _ i V ( i V Z H ^ ) . 
L V 7 J (4.4) 
From the expression, we can easily recognize that the target-hitting prob-
ability only depends on y j / 0 T |6>(s) | 2 ^/2, and is independent of the target 
level z. 
Denote y 二 yj^ ^{s^ds^, then 
P{x{-) hits z e ~ f T r ( s ) d s before T} 
I |I ^ N(-y)} + e12"2[l —經關=_ + —術》:=g(y)-
By numerical calculation, the minimizer of g(-) is y = 0.3830925190405057, 
i.e. when J 0 T \0(t)\2dt = 0.58703951257920; and the minimal probability is 
0.81045669214875. This is exactly the 80%-rule in Li and Zhou [7]. 
4.2.2 Cut-Off Probability 
There is no free lunch in the world. When investors enjoy the high probability 
to obtain the target level, they may suffer large loss during the investment. 
As we mentioned in the last section, a portfolio may be cut off when the 
loss is very large. In this subsection, we study the event that the optimal 
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mean-variance is cut off by some cutloss level during the investment t ime 
period. We calculate the probability of this event, i.e.,尸{inf坨[0’T](:r(Z)— 
Lowxe-itr{s)ds)<^}. 
By the expression of we know 
P{ inf (x(t) - Low x e~ ^ r { s ) d s ) < 0} 
二 inf ( A - L — 小 恤 小 H 外 ) | 2 ] � � 5 0 } 
= P { inf (A — Low) - 外)|2口>� < 0 } 
= P { sup e I > ^ - \ ^ d s p ( t ) > ^ ^ e / � T [ + ) — _ 丨 
te[o,T] ^ 
Denote b 二 Then 
P{ inf (x(t) — Low x e ~ ^ r { s ) d s ) < 0} 
二 P{ s u p EF>^9^2]DSP(T) > B} 
te[o,T] 
= P { s u p jo'-m^-f：^'^ > b} 
te[o,T] 
二 sup > 6} 
where W{x) ：二 / 广 ㈨ � , w i t h g(t) = f^\0{s)\2ds, is a standard 
Brownian motion. 
By formula in [2-, P606, 1.1.4]. 
P{ inf (x(t)-Lowxe-^r^ds) < 0} = I -N(d,) + (bY~3\l -N(d2)), (4.5) 
where 0 = f0T \0(s)\2ds,成 二樂 + f ^ O , ^ = ^ -
Now let us consider the special case that the cutloss level Low = 0, where 
the value of 6 is 6 = Aeio^V�H没⑷I2]心，and the cut-off probability can be 
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written as P{inftG[0,T] x{t) < 0}, which we also call it zero-hitting probability 
in the latter of this paper. 
Notice tha t b involves not only / 0 T \0(s)\2ds, but also Jo r(s)ds and the 
expectation level z. So, different from the target-hitt ing probability with 
Up 二 z, the bankruptcy probability not only depends on f0 \0(s)\2ds, but 
also depends on / 0 T r(s)ds and the target level z. 
With these calculation, we can see that the bankruptcy probability 
P{ inf x(t) < 0} - P { sup 砍⑷ > b} (4.6) 
对0，T] 诚[o,/�T|外)丨2剐 
which shows that the bankruptcy probability is strictly decreasing with re-
spect to b when T is fixed. 
Plug the expressions of A and fi into i , we have 
7 z - X0e^o ^ ^ ^ 1 W1 ； f r(t)dt}- e _ (A 7>! 
6 = = l + .T0e九 u T . ( 4 . � 厂 r(t)dt ， t J o r⑴办 z — x0eJo v ‘ 之—x0eJo 
Therefore when T is fixed，b is strictly decreasing with respect to z. 
On the other hand, from equation (4.6), we can see z can change the 
bankruptcy probability only through 6, therefore, the bankruptcy probability 
is strictly increasing with respect to 么. 
When z +oo, we can get by equation (4.7) that and therefore 
the bankruptcy have a upper bound (which is approached when the target z 
is larger and larger) 
lim P{ inf x(t) < 0} = 1 - NilVS) + ( 1 - N(-^-Ve) = 1. (4.8) 
By the monotonicity, P{mite[0,T]x(t) < 0} t 1 when z 个 +oo, which shows 
that when the investor is very aggressive with very high target, the bankruptcy 
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will happen with very high probability. This is a bad consequence of being 
aggressive. 
Now, let us check the change of the zero-hitting probability as the terminal 
t ime T changes. In this case, z should not be a level independent with T, 
therefore we take the expected level to be 么=朴已义[r(s)+5]cZ for some constant 
厶〉0 (which means the excess return rate over the risk free rate, it is easy 
to see J = 0 is a trivial case). Under this setting, when T +oo, assume 
f -> +oo (this is t rue when > e > 0. 
r {-\e{t)\2)dt 
With this expected level, 6 = 1 + l ~ e ——.We first study the 
monotonicity of zero-hitting probability w.r.t. T. Since this probability is 
strictly decreasing w.r.t 6, we only need to determine the monotonicity of b 
w.r.t. T. 
Propos i t ion 4.2 .1 b is strictly decreasing w.r.t. T when \0(s)\2 is constant. 
Proof: Define h{x) = then h(x) = ^ = EtT w h i c h i s 
strictly increasing function on R + . Therefore 
1 — 1 - e - 阶 T 
STe~5T < \0\2Te-\d\2T 
P | 2 e J 2 T ( e 5 T — 1) < 知5T(1 — e " ^ 2 T ) 
By the definition of i , we can calculate 
_ \0\"e-\d\2T(e5T - 1 ) - ( 1 - 0 
洒 ： ( e 5 T - 1) 2 ‘ 
• 
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R e m a r k 4 .2 .2 In Proposition 4.2.1, the assumption |6>(s)|2 is constant can 
2 f 1，5 G [To,To + A], 
not be removed. Here is an counterexample. Suppose |没(<s)| 二 < 0, otherwise, 
for some T 0 > 0 and A � 0 , Then on the interval T G ( T 0 , T 0 + A), 
~ 1 一 eIo(-m\2)dt b = I -\ ^ e5T — 1 1 — eTo~T 
= 1 + e 5 T - l 
— eT^T(e5T - 1 ) - ( 1 - e^~T)Se5T 
dT = (e5T - 1)2 . 
When T 4 T 0 ,兽 灯1_1)2 > 0, which shows that b is strictly increasing 
when T is close to To. 
rT � 0 
Corol lary 4 .2 .1 When z = x0eJo (r(s)+5)dt with some S > 0 and \0(s)\2 is a 
constant, zero-hitting probability is strictly increasing with respect to T. 
Proof: When T is larger, b is smaller according to Proposition 4.2.1, and 
the random variable sup托[0’广丨0⑷丨2叫 e— / r a c 3 2 a ; -评⑷ is larger, therefore the 
probability 
P{ s u p e —t卜伊⑷ > 6 } 
is larger. By formula (4.6), we know the zero-hitting is larger. 口 
With the monotonicity of the zero-hitting probability, we can study the 
upper bond of the probability when T -> +oo. 
It is easy to check that 6 1 as T +oo. So 
lim P{ inf x(t) < 0} = 1. T—+oo t£[0,T] 
This property suggests that the time horizon should not be set to be too long 
in order to reduce the chance to encounter bankruptcy. 
57 
Chapter 4 Performance of Continuous-Time M-V Optimal Policies 
On the other hand, for small T, we study the limit of the zero-hitting 
probability when T —> 0. 
Define = l im T — 0 and suppose 02o > 0, then 
1 + 0 2 o / s > L 
So in formula (4.5)，dx -> + o o , ^ 2 十⑴，and 
lim P{ inf x(t) < 0} - lim 1 - N � + (1 + 殆/巧一3(1 — N(d2)) = 0 
which reconfirm that T should be set to be small. 
4.2.3 T a r g e t-Hitting-before-Cut-OfF Probabil ity 
In this subsection, we study the event that the wealth process hits the ob-
jective process Up X e—丄 r � d s before T and without cross the cutloss level 
Low X e~ ^ r { s ) d s . 
Define r = inf{t > 0 : x(t) > Up x e~^ r { s ) d s } as the target-hitting time. 
Then 
r = in印〉0 ^ � 2 办 x e — (咖 s } 
I inf{t > 0 : O � | 2 心 + �� 
JO Z Jo 
w h e r e 5 = e-I0T[r(s)-mds = Then the target-hitting-before-
A - Up 
cut-off probability is 
P{t < T, inf (x(t) — Lowxe~^r^ds) > 0}. 
一 te[o,r] 
Before calculation, we first list some probabilistic formulae on Brownian 
motion with drift in Lemma 4.2.1, which can be referred to [2]. 
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L e m m a 4 .2 .1 For any z > x�y，define Hy = inf{s > 0 : VF(«s) + ^5 = y), 
Hy,z := i n f{ 5 > 0 : W(s) + iis i [y,z], / � : = P x { W ( H y ^ z ) = 
z, Hy^z < t}. Then 
� t 
/ � = e ^ z - x ^ 2 s / 2 s s z . x , z . y ( s ) d s , (4.9) Jo 
where ss^b(t) = E&oo e_(“+2叫"(叫 for any a < b. 
(Hi) Hy,z 二 ny /\ Hz, and 
> H z } 二 i M ^ / ^ ) = ,} 二 一 " W D 
where sh(x) = ~ , 
Now, we calculate the target-hitting-before-cut-ofF probability. 
P{t < T , mi x(t)>0} te[o,r] 
=P\T < T, sup [— 
/ 3 | 6 > � | 2 / 2厶 - / 0(sydW(s)} < ln(6)} 
te[o,r] Jo JO 
= F i r < T, inf [ / # _ 諭 — + f 0(s)fdW(s)} > ln(6)}, 
— te[o’T] Jo Jo 
where and b = f . 
Define g{t) = So \0(s)\2ds,g~l(t) := i n f{ t > 0 : g ( t ) � ? } , f = = 
g(T),W(i) = J 0 5 _ 1 � " ( s y d M / O ) . Then W(-) is a standard Brownian motion, 
and by the same calculation in the last two subsections, 
干 二 i n f { f � 0 . . ^ + ^ ( f ) 2 l n ( 6 ) } (4.12) 
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P{T < T, inf (x(t) — Low x e~ ^ r { s ) d s ) > 0} 
1 — te[o,r)K 
= P { t < f , inf [ l u w { t ) } > ln(6)}. (4.13) — te[o,r] 2 
- fT[小)—|外)I2]心 l 1 /1 _ M r - f;T[r(5)-|^(5)|2]d5 where b = j ^ e 1 , 6 — 1/6 — j r ^ e 
Define F ( T ) 丨 』 + W(i)\ > j r i f f l f < T}. Apply (i) of 
Lemma 4.2.1, where 工=z 二 Inb = T � 0 , y 二 ln(J>) < 0，we get 
广于 -
Concluding the calculation, we get 
rT 
P{x(') hits ze-J. r { s ) d s before bankruptcy during[0,T]} 
= j Q e 2 J o U 8 s s f 0 T l0(s)^s,foT \ e ( s W d s - H ^ t ) d L 
As in the last subsections, we consider the case Up = z and Low = 0, 
i 7 f T \9(s)\2ds 7 z-xoe-io ^ ^ 
where 6 二 e九丨（）丨，6= 广 … ⑷ -Z—xq eJo ~ . . . 
Fix the t ime horizon T, we can see from equation (4.12) that f is invariant 
with respect to z. And b increases to 1 when z goes to +oo, therefore the 
t a rge t -h i t t i ng -be fo re -bankrup tcy probabi l i ty s t r ic t ly decreases to 0. 
Now, let us see the limit of this probability when T goes to +oo and T 
goes to 0. Similarly, we set z 二 [小)+5]气 
T h e o r e m 4.2 .3 Given z 二 x0e^ [小)+5]心 f o r some S > 0. When T +oo, 
the target-hitting-before-bankruptcy probability will goes to 0; When T -> 0 ; 
the target-hitting-before-bankruptcy probability will goes to 1. 
Proof: We first proof the case T -> +oo. In the case, \n(b) +oo, and 
fT r(s)cls 一 Z — XoeJo v ; 
b = z — X o e I o ^ - ^ d s 
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_ e 5 T - l 
lim b = 1. 
T^+oo 
Hence limT->+oo In(6) = 0. 
Define rx = t^tM inf{t > 0 : \t + W(t) < ln(6)}. Then the probability 
is 
Pin 
By (ii) of Lemma 4.2.1，we know 
P{RL<F,R2>RL} 
< P{T2 > N} 
_ ^ ( - 3 1 n ( 6 ) / 2 ) 
" 6 2 sh(3{\n(b/b)/2)) 
_ 1 - 6 3 
二 Mlf 
When T +oo, 
1 - b 3 
l im lim ~ 7 T 7 3 - 0 . T—+oo T—+oo i _ � 
Therefore 
lim P { f ! < f , f 2 > f 1 } = 0. T^+oo 
Next, we proof the case T ^ 0. In this case, by equation (4.4) in Section 
4.2.1, we know 
lim P{f < T } 二 lim P{r < T} 
T—0 1 _ J T^O 
二 lim P{x(-) hits z e - f T r ( s ) d s before T } 
T - > 0 
=lim [1 - N (-W/：丨響心)]+ 乂 1 春 S 卜-N (直隱4 
二 1 
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On the other hand 
1-63 
> T l } 二 1 — 猜 
— — e - f ) 3 — ( e 5T _ 1 } 3 
= ( e 5 T 一 e - f f — e-^{e5T — 1)3 
(ST + T)3 - (ST)3 
l i m P i f ^ n } = lim 肿 + f ) 3 _ e - 3 f ( ^ T ) 3 
r (J + T / T ) 3 — 沪 = l i m ~ 
T->O ( S - ^ T / T f - S 3 
=1. 
Therefore 
l i m P i n = l i m P ^ ! < f } - P { f i < f , f 2 < f j 




lim P{n < T,t2 > n ) = 1. 
• 
Remark 4.2.4 For the target-hitting-before-bankruptcy probability, there is 
no monotonicity property with respect to the time horizon T, While if we 
ignore the complicated change when T is not very large and not very small, 
we can see that the probability still has some decreasing trend when T is 
extremely large or small And Theorem 4.2.3 roughly suggests not to take 
very large T but to take small T• 
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4.3 Numerical Evaluations of Probabilities for 
Discrete-Time Market 
For the continuous-time unconstrained problem, we have obtained explicit 
expressions for the probabilities of the events that (1) the discounted target 
is achieved during the t ime horizon, (2) bankruptcy ever occurs before the 
terminal time, and (3) the discounted target is achieved before the terminal 
time, and before any bankruptcy time. In this section, we investigate these 
probabilities in a discrete-time world. Because no explicit expressions for 
those probabilities in discrete-time market are available, we study them by 
Monte Carlo simulation. To concentrate on the probabilities themselves, here 
we only consider one stock in the market. 
The whole investment t ime period [0,T] is equally divided into N 二 T/At 
small periods, where At is the discretized size,that is, pre-specified length of 
the small t ime period. In the market, investors can adjusted their portfolios 
only at t ime points nAt.n = 0,--N - I . For the mean-variance portfo-
lio optimization in this discrete-time market, we discretize the continuous-
time optimal mean-variance portfolios as in Chapter 3. For evaluating those 
probabilities, we made some modification when implementing the discretized 
optimal portfolio. Thought the t ime points t = nAt,n = 0, . • . , iV — 1, we 
check whether the discounted target —z = = Xoeyr-Te-r(T-nAt) i s 
achieved. If "yes", we simply liquid the stock, deposit the cash to the bank 
till the end, then the terminal target is realized. Otherwise, we continue to 
update the portfolio according to the discretized portfolio. In the simulation, 
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we repeat the experiments to get 10000 samples, and we estimate the proba-
bilities by the corresponding frequency rates. In this chapter, we always set 
the initial wealth x 0 = 1, which brings no change on the probabilities. 
4.3.1 Simulation on Target-Hitting Probability 
In the continuous-time market，the probability that the wealth process hits 
the discounted target before T is over 80%. Here we investigate whether the 
lower bound 80% is still kept approximately in a discrete-time world. 
Table 4.1: Target-Hitting Probability 
P r o b a b i l i t y 
6 a 6 y r A t T = 1 T = 3 1 T = 5 
0 . 2 7 9 9 0 . 3 0 . 7 6 6 2 0 . 1 0 . 2 5 0 . 6 9 3 8 U . 8 3 9 8 U.9U2b U . 9 / U U 
0 . 2 7 9 9 0 . 3 0 . 7 6 6 2 0 . 1 0 . 0 1 ( 0 7 9 3 4 ) 0 . 8 2 8 5 0 . 8 5 7 5 0 . 9 2 0 5 
T 1 8 2 T 0 . 3 0 . 4 4 2 4 0 . 1 0 . 2 5 0 . 6 5 7 6 0 . 7 5 3 3 0 . 7 8 2 8 0 . 8 4 8 3 
0 1 8 2 7 0 . 3 0 . 4 4 2 4 0 . 1 0 . 0 1 0 . 8 0 5 8 ¢ 0 7 9 6 2 ) 0 . 8 1 2 7 0 . 8 3 3 8 
0 1 5 2 8 0 . 3 0 . 3 4 2 6 0 . 1 0 . 2 5 0 . 6 5 8 V 0 . 7 2 9 2 0 7 7 0 3 0 . 8 0 9 8 
0 . 1 5 2 8 0 . 3 0 . 3 4 2 6 0 . 1 0 . 0 1 0 . 8 1 6 9 0 . 8 0 2 3 ( P 0 1 Q > 0 . 8 1 6 3 
0 1 2 2 7 0 . 3 0 . 2 4 2 3 0 . 1 0 . 2 5 U . 6 6 6 9 U . V 3 3 4 0 . 7 4 8 0 0 7 7 9 9 
0 . 1 2 2 7 0 . 3 0 . 2 4 2 3 0 . 1 0 . 0 1 0.8425 0 . 8 1 0 4 0 . 8 0 7 6 L < P 0 7 4 ) 
As we know, the target-hitting probability only depends on the value \0\2T 
theoretically, and achieves the approximate minimum 0.81 when \0\2T « 
0.5870. To check this property, we set T by different values at 1,3,5,10 
respectively, and calculate the corresponding values of 0 such that \0\2T = 
0.5870. The values of (T, 6>) are listed in Table 4.1. In all the experiments 
listed here, we fix r to be 0.05 and cr to be 0.3, and then we determine the 
value of b by the required value of 0. Given the same yield rate yr=0.1, 
we repeat the experiments with the discretization size At = 0.25 and 0.01 
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respectively. As showed in Table 4.1, we emphasis those experiments with 
parameters At = 0.01, T 二 1 ,3 ,5 ,10 and \0\2T 二 0.5870 by circling their 
results. We can observe that the circled values are close to the theoretical 
minimum 0.81, and they are less than their neighbors, the probabilities with 
different values of \0\2T. 
On the other hand, when At = 0.25, the experimental results are more 
dispersive. 
This observation shows that when At is very small, the minimal value 
of the target-hitting probability from simulation is very close to the the 
theoretical minimum 
Besides the consistent lower bound, another property of the target-hittmg 
probability is the independence of the target in the continuous-time setting. 
Now we investigate whether this property can be kept in the discrete-time 
market. 
Table 4.2: Target-hitting Probability under Same 0 
P r o b a b i l i t y b a 0 yr At T = 1 T = 3 T = 5 T ~ 
" O ” 0 . 3 0.1667 0.07 0.25 0.6726 0.7453 0.7661 0.7832 
0 1 0.3 0.1667 0.07 0.01 0.8682 0.8441 0.8269 0-8122 
" 0 T 5 0 ^ 0 6 6 7 O 0 . 2 5 0.6620 0.7400 0.763U 0.7770 
0 15 0.6 0.1667 0.1 0.01 0.8590 0.8480 0.8190 0.8100 
0.08 0.18 " 0 1 6 6 7 O 0 . 2 5 0.6790 0.7750 0.772U 0 . 7 9 ^ 
0.08 0.18 0.1667 0.1 0.01 0.8730 0.8530 0.8390 0.8090 
" O l 0 3 0 A 6 6 7 O 0 . 2 5 0.6780 0.7484 0.7656 U.77I5 
0.1 0.3 0.1667 0.1 0.01 0 . 8 6 7 1 0.8469 0.8191 0.8106 
" 0 l O “ “ 0 . 1 6 6 7 0.15 0.25 0.6753 U.7555 0.V633 0.7803 
0.1 0.3 0.1667 0.15 0.01 0.8575 0.8446 0.8317 0.8168 
In the experiments listed in Table 4.2, we change the values of b and cr, 
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while keeping the values of 0 unchanged. When yr ranges from 0.07 to 0.15, 
the values of the target-hitt ing probability are very close with same At. When 
At = 0.01, the mean values of the estimated probability in the experiment 
with T 二 1，3,5,10 are 0.8650, 0.8473, 0.8271, and 0.8117 respectively, and 
the corresponding standard deviations are 0.0065, 0.0036, 0.0086, and 0.0031 
respectively. The situation is quite similar when At 二 0.2,5. By this obser-
vation, we can claim that the property of independence of the target-hitting 
probability is well kept when the continuous-time unconstrained optimal pol-
icy is discretized. 
4.3.2 Simulation on Zero-Hitting Probability 
By the expression of the zero-hitting probability, we know it depends not 
only on T and 6>, but also on the expected terminal level z. In the following, 
we investigate how sensitive the zero-hitting probability is to the change of 
T and z. Notice that the policy is modified when the discounted target is 
achieved, so the zero-hitting probability here is a little lower than the one 
calculated in Section 4.2. 
In Table 4.3, the parameters are as same as that in Table 4.2. We can 
observe that as yr ranges from 0.07 to 0.15, the zero-hitting probability 
increases mightily. For example, in the experiments with parameters At = 
0.01, T = 1, if yr 二 0.1, the zero-hitting probability is around 0.0038 (column 
6, row 2), which is very small; if yr changes to 0.15, which is 50% larger than 
y r = 0.1, the zero-hitting probability is around 0.0646 (column 6, row 4), 
whose increment is much faster than the increment of yr. It shows that the 
zero-hitting probability is very sensitive to yr. The reason of this sensitivity 
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Table 4.3: Zero-Hitting Probability 
P r o b a b i l i t y - P ° 
b � 0 y r A t T = 1 T = 3 I T = 5 
" O 0 . 3 0.1667 0.07 0.25 0 0 0.0005 0.0081 
0.1 0.3 0.1667 0.07 0.01 0 Q.QQH 0-0066 0.0365 
0 6 0 ^ 6 7 O 0 . 2 5 0.0003 0.0513 0.1208 0.2436 
0.15 0.6 0.1667 0.1 0.01 0.0033 0.0605 0.1287 0.2505 
~ 0 L O 0 6 6 7 O 0 . 2 5 0 . 0 0 0 8 0 . 0 5 4 7 0 . 1 1 6 7 0 . 2 3 3 6 
0.1 0.3 0.1667 0.1 0.01 0.0038 0.0583 0.1201 0.2588 
0 08 0 18 0 . 1 6 6 7 O 0 . 2 5 0.0008 0.0501 0.1164 0.2348 
0 08 0.18 0.1667 0.1 0.01 0.0036 0.0585 0.1179 0.2432 
" O 0 . 3 0.1667 0.15 0.25 0.0267 U.1189 0.1662 0.2664 
0.1 Q.3 0.1667 0.15 0.01 0.0646 0.2041 0.3210 0.5252 
is that the policy is more aggressive when yr is larger, which leads to more 
chance of the wealth to become negative. Moreover, we can also observe 
that the zeros-hitting probability is sensitive to the time period T. This is 
reasonable, since longer investment time period brings additional time period 
where bankruptcy may happen. 
4.3.3 Simulation on T a r g e t-Hitt ing-before-Bankruptcy 
Probabil i ty 
Roughly speaking, the target-hitting probability measures the upper side 
of the payoff of a portfolio, and the zero-hitting probability measures the 
lower side. Now we investigate another indicator, the target-hitting before 
bankruptcy probability, which combines both sides of the payoff together. 
In Table 4.4, we list two probability values of experiments with different 
parameters, one is the target-hitting probability denoted as P, the other is 
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Table 4.4: Target-Hitting VS T a r g e t - H i t t i n g - b e f o r e - B a n k r u p t c y 
~~~“ P Pz (before bankruptcy) 
" Vr A t T = 1 T = 3 I T = 10" T 二 1 | T = 3 | T 二 1(T 
T 0 8 3 3 O 0 . 2 5 0.6639 0.7652 0.7959 U.Y445 U.DU � 
0.0833 0.1 0.01 0.8959 0.8872 0.8547 0.8964 0.8561 0.6453 
0 1667 0.07 0.25 0.6726 0.7453 0.7832 0.6773 0.7510 0.7721 
0 1667 0.07 0.01 0.8682 0.8441 0.8122 0.8699 0.8427 0.8201 
0.1667 0.1 0.25 0.6780 0.7484 0.7715 0.6736 0 . 7 4 5 6 0.7134 
0 1667 0 1 0.01 0.8671 0.8469 0.8106 0.8707 0.8402 0.7166 
0 1667 0.15 0.25 0.6753 0.7555 0.7803 0.6713 0.7160 0.5064 
0 1667 0.15 0.01 0.8575 0.8446 0.8168 0-8626 0.7851 0.4739 
"0 7 6 6 2 O 0 . 2 5 0.6938 0.8398 0.97UU 0.6863 0.8374 0.9381 
0 7662 0.1 0.01 0.7934 0.8285 0.9205 0.7918 0.8277 0.8786 
0 7662 0 3 0.25 0.6933 0.8373 0.9700 0.6837 0.7758 0.5368 
0.7662 0.3 0.01 0.7885 0.8332 0.9187 0.7894 0.7530 0.2944 
the t a r g e t - h i t t i n g - b e f o r e - b a n k r u p t c y probability , which is denoted as Pz. 
Comparing P with Pz in these experiments, we conclude that : 
• Pz is no higher than P. 
• p is independent of the target z, while Pz is closely related to z. The 
higher is z, the lower is Pz. 
• Pz and P are close when T is small while they differ when T is large. 
4.4 Policy Comparison 
In section 4.2, the probabilities are derived for the optimal unconstrained 
policy. And such probabilities have not been obtained for all other policies 
mentioned in chapter 2. As observed in the last subsections, the properties 
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of the probabilities of the discretized unconstrained optimal policy is con-
sistent with the theoretical conclusion in continuous-time. This inspires us 
to extend the numerical simulation to other optimal policies, especially to 
those without theoretical expressions for the probabilities. In this section， 
we investigate those policies mentioned in chapter 2 and compare them with 
the unconstrained mean-variance discretized optimal policy. Because some 
of the policies may have different performance in one-stock market and m 
multi-stock market, we investigate multi-stock market in this section, where 
10 stocks are involved. 
Besides considering the probabilities P , Pi and P 0 , we also investigate 
some other quantities of the policies to get more information about them. 
Here we investigate the expectation (denoted by T m e a n ) and standard devia-
tion (denoted by T s t d ) of the terminal wealth from the policies. Furthermore, 
the minimum wealth x m i n is also under investigation which tells how bad the 
policy would lead to. 
Since many optimal polices are discussed here, we abbreviate them as 
follows. 
• BAH — buy-and-hold policy 
• CR 一 continuously rebalancing policy 
• DUN 一 discrete-time unconstrained policy 
• NB — continuous-time no-bankruptcy policy 
• RM 一 rolling Markowitz policy 
• UN 一 continuous-time unconstrained policy 
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• NS — continuous-time policy with no-shorting constraint 
• NSBAH — buy-and-hold policy with no-shorting constraint 
• NSCR — continuously rebalancing policy with no-shorting constraint 
• NSRM 一 rolling Markowitz policy with no-shorting constraint 
Notice that in this section, other than BAH and NSBAH，all the 
policies will be modified by the hitting time as in section 4.3. 
4.4.1 Profile of the Probabilities 
Let us first look at the following experiment to get a rough impression of the 
rp 
optimal policies. In the experiment, we set T 二 L,yr 二 0.1,么 二 工oeyr'= 
11052,x o = 10000, At = 0.01, r = 0.05. For the appreciation rate b and the 
volatility rate ¢7, we generate them by pseudo-randomizer, here b, a and the 
corresponding risk price are as follows. 
b = ( 0 . 1 1 8 9 0 . 3 2 6 1 0 . 0 5 8 3 0 . 1 9 3 4 0 . 0 3 8 1 一 0 . 0 3 2 8 - 0 . 3 4 1 2 — 0 . 1 9 5 1 0 . 5 4 1 5 0 . 4 0 5 3 )' 
/ 一 0 . 3 3 6 6 0 . 3 1 1 9 - 0 . 5 7 5 2 一 0 . 5 7 2 5 - 0 . 4 0 4 1 0 . 4 4 5 8 0 . 2 8 6 5 0 . 0 2 2 8 0 . 9 8 5 8 0 . 2 3 1 6 \ 
一 0 . 1 5 9 0 - 0 . 4 1 9 4 0 . 1 5 9 4 - 0 . 0 8 4 1 0 . 1 6 5 0 0 . 3 5 5 3 0 . 1 2 7 5 0 . 0 2 3 9 0 . 6 0 3 9 0 . 8 8 4 3 
- 0 . 4 3 5 9 0 . 4 1 7 2 0 . 4 3 3 7 0 . 5 2 5 1 0 . 1 7 7 8 一 0 . 7 6 7 3 0 . 3 2 3 0 - 0 . 0 4 7 0 0 . 8 1 2 0 - 1 . 2 1 7 0 
0 . 1 1 6 0 - 0 . 3 0 9 4 0 . 0 8 7 8 0 . 5 4 8 2 0 . 0 9 4 5 - 1 . 1 4 9 9 0 . 2 1 8 9 - 0 . 2 3 5 6 0 . 0 5 3 0 0 . 8 6 3 2 
一 0 . 4 5 9 5 1 . 0 4 0 9 0 . 3 6 7 8 - 0 . 0 5 6 6 - 0 . 8 8 8 8 - 0 . 3 2 5 1 - 0 . 1 6 9 4 - 0 . 1 6 0 1 1 . 0 0 4 7 - 0 . 3 7 0 2 
^ = - 0 . 5 9 8 8 - 0 . 7 1 2 7 - 0 . 0 6 3 3 - 0 . 0 8 6 6 0 . 6 2 8 8 - 0 . 1 1 9 2 - 0 . 1 6 7 5 - 0 . 0 5 8 2 0 . 4 9 6 3 0 . 1 1 1 3 
一 0 . 9 5 7 0 0 . 0 5 9 3 - 0 . 6 9 9 7 - 0 . 2 5 6 4 0 . 2 6 1 3 0 . 8 3 5 0 一 0 . 2 5 2 8 - 0 . 0 9 6 1 - 0 . 4 5 3 5 - 0 . 2 4 6 6 
一 0 . 2 8 3 9 - 1 . 3 8 5 6 - 0 . 1 2 8 6 - 0 . 3 7 3 9 0 . 2 8 8 9 - 0 . 2 3 4 9 - 0 . 5 9 1 5 - 0 . 4 5 4 6 0 . 9 4 9 5 0 . 3 8 3 3 
0 . 4 0 6 4 - 0 . 0 4 8 1 0 . 4 0 4 4 0 . 5 8 4 9 0 . 7 7 8 0 0 . 1 1 5 9 0 . 4 7 1 6 0 . 3 4 6 9 0 . 0 4 9 0 0 . 1 2 5 8 
\ 0 . 4 2 9 1 0 . 4 0 3 7 - 0 . 3 8 4 4 0 . 1 2 0 1 0 . 1 3 4 2 - 0 . 9 6 4 3 - 0 . 2 4 0 2 0 . 7 1 4 8 0 . 1 3 8 2 0 . 9 3 0 1 / 
g = ( 0 . 1 7 6 1 0 . 1 2 7 9 0 . 1 5 5 8 0 .1008 0 .1308 0 . 0 6 8 2 0 .1752 0 .2296 0 .1600 0 . 1 9 3 5 ) ' 
\e\2 = 0 . 2 5 
The experimental results are listed in Table 4.5. In the table, target-
hitting probabilities are listed in Column 2, probabilities of target-hitting 
before bankruptcy are listed in Column 3, zero-hitting probabilities are listed 
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Table 4.5: List of P , PZ,Pq, x min y^mean, Tstd 
policy P Pz Po xmin T m e a n Tstd 
NB 0 ? 7 5 5 3 0 . 7 5 5 3 "0 5 . 3 6 e + 0 0 3 1 . 0 7 9 4 e + 0 0 4 698.6735 
CR 0.7178 0.7178 0 7.23e+003 1.0789e+004 627.1296 
UN 0.8012 0.8012 1.0e-004 -646.2746 1.0833e+004 765.6595 
D U N 0 . 8 0 0 1 0 . 8 0 0 1 1 . 0 e - 0 0 4 - 4 4 1 . 1 8 8 1 1.0833e+004 7 6 3 . 1 2 1 0 
BAH 0.3522 0.3522 6.0e-004 -8.97e+003 1.1051e+004 1.7558e+003 
RM 0.9785 0.9785 0.0215 -6.64e+003 1.0836e+004 1.7647e+003 
NS 0.7971 0.7971 1.0e-004 -1.30e+003 1.0816e+004 804.1288 
NSCR 0.7195 0.7195 0 7.0e+003 1.0775e+004 662.3787 
NSBAH 0.2870 0.2870 0 9.42e+003 1.1016e+004 2.1731e+003 
NSRM 0.9759 0.9759 0.0241 -9.70e+004 1.0802e+004| 2.1592e+003 
in Column 4, mean values and standard deviations of the terminal wealths 
are listed in Column 5 and Column 6 respectively. 
The value of P and PZ are equal in Table 4.5, which shows that there is 
no bankruptcy occurring before the discounted target is realized. 
For BAH, its mean value of terminal wealth T m e a n = 1.1051e + 004 is the 
highest one in Column 5, and is very close to the target level z = 11052. 
In fact, the modification (as in Section 4.3) reduces the expectation of ter-
minal wealths for the policies other than BAH and NSBAH, but the same 
modification is not made for BAH and NSBAH. Although having the largest 
mean value of terminal wealth, BAH has a much larger standard deviation. 
This shows that BAH is not a good choice in the sense of mean-variance 
optimization. 
Among all the optimal polices, RM achieves the highest P and PZ, while 
the value of T s t d is very high. The high probabilities can be explained by the 
comparison between RM and UN. The objective of UN is the performance 
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of the return rate on the whole t ime period, while RM is to pursue the 
performance of the local return rate on the next small t ime period. At any 
t ime spot, if the current wealth is high, the target-hitting probabilities in the 
next t ime spot for both UN and BAH are similar high; while if the current 
wealth is very low, the target level of the expected return rate for RM will 
be very high, and therefore the policy will be more aggressive than that o士 
UN, which results in high probability to achieve the discounted target level. 
This explains the higher target-hitting probability of RM. 
The performance of DUN listed in Table (4.5) is very close to that of UN. 
So we believe tha t DUN has the similar probabilistic property as that of UN, 
which again proves the efficiency of the discretized continuous-time optimal 
policy in discrete-time world, as we concluded in Chapter 3. 
For NS, the probabilities can be derived similarly and conclusions are also 
similar. The only difference is to replace 0 by 6>*, where 6>* 二 argmiiVQ^|6>| 2 
(refer to Jin [4, Chapter 4, Section 3]). 
For NB and CR, they are both continuous-time constrained policies and 
achieve a little lower target-hitting probability than UN. 
4.4.2 Impact of z on the Probabilities 
Now we test the sensitivity of P, Pz, and P0 to the given terminal target z. 
Keeping other parameters unchanged, we range the given yield rate yr from 
0.1 to 0.5 with step size 0.05. 
In Table 4.6, we list the experimental results for yr = 0.2 and for yr = 0.5, 
and compare them to show the impact of the target on the probabilities. 
• As yr increases, P and Pz decrease, and P0 increases consistently for 
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Table 4.6: Impact of target on probabilities 
yr=0.2 yr 二 0.5 
P � l l c y P I 尸： 丨 Po P I A Po 
0 ? 7 4 5 4 0 . 7 4 5 4 0 0 .7317”0.7096 0.2014 
cr 0.6893 0.6893 0 0.5852 0.5852 0 
un 0.7984 0.7984 0.0151 0.7923 0.7330 0.2261 
dun 0.7970 0.7970 0.0145 0.7910 0.7332 0.2259 
rm 0.9260 0.9260 0.0740 0.7780 0.7780 0.2220 
ns 0.8022 0.8022 0.0179 0.7963 0.7264 0.2224 
nscr 0.6943 0.6943 0 0.5864 0.5864 0 
nsrm 0.9210 0.9210 0.0790 0.7710 0.7710 0.2370 
all the policies. 
• For RM, when the wealth goes to negative, we stop the policy and 
regard the terminal wealth as being negative. So, P equals to Pz. 
• For UN and DUN, their performances are very similar. 
• For NB and CR, although their wealth processes are always nonnegative 
theoretically, bankruptcy can really happens when they are discretized, 
especially when yr is very large. But comparing to CR, the zero-hitting 
probability of NB is much greater. 
Other than the last one, these observations are easy to understand. 
To understand the last one, let us recall the expression of the optimal 
portfolio: 
= VN(-d+)y(t), 
x{t) 二 \N{-d_)e^rds-N(-d+)y(t), 
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where V = — 卜 ‘ 广 坟 知 ( Q ) 二 剛 於 作 丨 " • ， 化 … 二 
V/t \d\2ds 
isTwds. 
First, it is easy to verify tha t x{t) 0 when y{t) +00. And 
v N(-d+)y(t) 办） 1 肌}__ 
lim yr 二 ( i m r T d2 
" � 4 + o c r d s A e - / t 油 ^ _ _ e - 亍 （ _ 华 ） 
V (2?r) y = l i m f k K ) 洲 + “�―+OO A V / ( 2 T T ) A E - 亍 °y _ 
= 1 + 0 = 1. 
rT油 
So when y{t) +⑴，K - j : ) : : ^ t h a t i s , N(-tW) — 
Comparing the optimal continuously rebalancing policy 7rcr(t)=工(力)w;* 
with the optimal no-bankruptcy policy 7Tnb = VN(-d+)y(t), (here both 
w * and V are constants), we can see that when the wealth x 0, ^ 
+00. In other words, when the the policies is close to bankruptcy, NB 
is much aggressive than CR, and therefore the bankruptcy probability 
of NB is higher than that of CR in the discrete-time market. 
4.5 Concluding Remarks 
In this chapter, we investigate the performance of the optimal mean-variance 
policies in terms of various hitting probabilities. We not only study the prob-
abilities theoretically, for the unconstrained optimal policy, but also investi-
gate them for other policies via simulation. In the simulated experiments, 
we study some properties from the optimal policies, and test the sensitivity 




The simulation work in previous two chapters shows that continuous-time 
mean-variance optimal policies such as UN perform very well by achieving 
lower variance of the terminal wealth, and also higher probability to realize 
the target. In this chapter, we extend the numerical methods to the real 
securities market, using the historical stock price data of Hong Kong Stock 
Market. 
The empirical experiments are different from the simulation in the fol-
lowing ways: 
• the market parameters such as b and a are given in the simulated 
experiments while they are unknown and have to be estimated in the 
empirical experiments. 
• the samples of stocks' prices which follow a given distribution can be 
generated as needed in simulated experiments while only one historical 
sample for each stock is available. 
In addition, different from the simulated experiments where only one 
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investment period is considered, the whole length of the historical price data 
will be split into several periods in which the same policies as in Chapter 
4 will be applied. Comparing to the given target at the end of each small 
period, the rough frequency of target hitting is summed up for each policy. 
We organize this chapter as follows. In Section 5.1, we describe how to 
design the experiments and how to estimate the parameters. In section 5.2, 
some indicators are given to tell the performance of the policies to realize the 
investment target and the risk they incur. Some of the results are observed 
and analyzed. 
5.1 Experiment Description and Parameter 
Estimation 
5.1.1 Introduction of the Da ta 
In the following numerical experiments, we make use of the historical data of 
the Hong Kong Stock Market. The closing daily prices available are from De-
cember 16th, 1995 to December 16th, 2005. The data are collected from the 
University Library Database, the Chinese University of Hong Kong. Only the 
constituent stocks of the Hangseng Index are taken, which are the represen-
tatives of the Hong Kong Stock Market (The aggregate market capitalization 
of these stocks accounts for about 70% of the total market capitalization of 
all eligible stocks listed on the Main Board of the Stock Exchange of Hong 
Kong (SEHK)). The list of the constituent stocks can be found on the website 
of HSI Services Limited at www.hsi.com.hk. The names, codes, and weights 
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of the constituent stocks are listed in Table 5.1. 
5.1.2 Experiment Description 
To realize the investment target, investors have to begin with some initial 
capital x0- Suppose x0 = 100000 in this chapter. 
There are altogether 33 stocks constituent stocks, but the t ime when they 
were listed are different. So we only consider the portfolio of stocks with the 
same available length of historical data. Furthermore, as in the previous 
simulation, we focus only on m = 10 stocks. 
When the empirical analysis is conducted, the historical samples are 
given, the market parameters are estimated from the historical data un-
der the assumption that the market parameters stay unchanged during the 
investment period. The estimation of the appreciation rate and the volatil-
ity rate will be discussed in section 5.1.3. If we regard the whole length of 
the data as one investment period, the invariance of the market parameters 
seems quite unreasonable. Therefore, we split the whole length of the data 
into several small equal-length periods and suppose that there is no autocor-
relation in returns during different periods. By doing this, we can obtain the 
frequency of target-hitting. 
The length of one investment period is denoted as T. Suppose there 
are totally nT periods. During each period, we individually implement the 
optimal policies discussed in Chapter 4 to adjust the money invested in the 
m stocks at t ime point lAt, i = 0, •.. N— 1, N = T/At. The terminal wealth 
of the ith period is the initial wealth of (i + l)st period. 
The target at the end of each period is set according to the following way: 
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Table 5.1: List of Constituent Stocks of HSI 
Code Company Name Abbreviation Weight (¾) 
"1 Cheung Kong cheung 4.0 
101 Hang Lung Prop hip 0.9 
1038 CKI Hldgs ckih 1.2 
11 Hang Seng Bank hsb 4.2 
1199 COSCO Pacific cosco 0.6 
12 Henderson Land henderson 1.3 
13 Hutchison hutchison 6.7 
144 China Mer Hldgs cmh 0.8 
16 SHK Prop shkp 3.8 
17 New World Dev nwd 0.8 
179 Johnson Elec H johnson 0.6 
19 Swire Pacific 'A' spa 1.4 
2 CLP Hldgs clp 2.3 
203 Denway Motors denway 0.4 
23 Bank of E Asia boea 0.7 
2388 BOC Hong Kong boc 3.3 
267 CITIC Pacific citic 1.0 
291 China Resources ere 0.7 
293 Cathay Pac Air cpa 1.0 
3 HK k China Gas gas 1.9 
330 Esprit Hldgs esprit 1.4 
4 Wharf(Hldgs) wharf 1.4 
494 Li k Fung lif 1.0 
5 HSBC Hldgs hsbc 30.0 
551 Yue Yuen Ind yyih 0.7 
6 HK Electric hke 1.7 
66 MTR Corporation mtr 1.8 
762 China Unicom chinau 1.7 
8 PCCW pecw 0.7 
83 Sino Land sino 0.8 
883 CNOOC cnooc 4.5 
941 China Mobile chinam 16.0 
992 Lenovo Group lenovo 0.7 
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the target at the end of the ith period is z3 = j = 1... ,nT, where 
yr is the desired yield of return. 
5.1.3 Parameter Estimation 
Among all the optimal policies including continuous-time and discrete-time, 
the optimal policies are determined not only by the given parameters such 
as T, x0 and 么，but also, more importantly, by market parameters such as 
the expected return vector, and covariance matrix. Theses parameters are 
assumed to be constants during each investment period. The methods to es-
t imate parameters are different for the continuous-time market and discrete-
time market, so we describe them in details separately. 
In the discrete-time market, we first show the relationship between the 
expectation and variance of the return rate with different length of period 
under the assumption that daily return rates are independent, stationary and 
follow the same distribution: 
二 对 二 珂 ( 嗽 ] ) ( T _ ) , (5.1) 
^，fD 二『―eT) + [ E ^ n E ^ r ] - — n 
where ^ t i s the re tu rn rate of stock i dur ing a T- leng th period, is the 
expectat ion of f | | Cd i s t h e re tu rn rate of stock i , and day is the number 
of t rad ing days i n a year, i 二 1 ,..., m . 
Denote 0E f c , \4 respectively as the expected return vector and the co-
variance matrix of the kth T-length period. (Ek 二 ..., H = 
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Cov(^i T , ^ ) T ) m x m , /c = 1,...，nT. Equation (5.1) shows us how to calculate 
(E f c , Vk from the daily price sample mean and sample variance during period 
k and how to get the At period expected return vector and covariance matrix 
Vk,At during the kth T-length period from (Ek,Vk-
In each T-length period in the continuous-time market, Daily log return 
rate 二 = 6,/day + ^ / l / d a y c ^ , where £ is a column random vector, 
di is a row vector, and z 〜N{0, /), A: 二 1’ •. • , T x day. So, 
bi = day x E ( C M 
Cov(C\CJ) = -^Cov^ie.cjje) = — c r ^ ^ o - c r 7 二 day X Cov(Q. 
Although we can not estimate the value of a directly from the historical 
data we can first estimate the value Cov(Q from historical data and then i 
卜 V 
get the value of ¢7 by a 二 厂 ； r , where Q := day X Cov(()= 
I Am J 
卜 l ： r , r is the eigenvector matrix of Q and X“i = 1, •.., m, 
l j 
are the eigenvalues of Q. 
5.2 Empirical Results and Analysis 
5.2.1 Performance Indicator 
In this chapter, we are to investigate the performance of the optimal policies 
in a real securities market. To doing this, we first set up some indicators. 
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They are target-rat io(the ratio of total periods in which the discounted target 
is achieved), zero-ratio(the ratio of total periods in which the wealth is ever 
negative), min-wealth (the minimum wealth during the whole period), msh-
ratio(the maximum ratio of the value of the shorted stocks to wealth at that 
time, and mbo-ratio( the maximum ratio of the value of the borrowed money 
to the wealth at that time). 
In the following, we evaluate the policies based on the above indicators. 
5.2.2 Experimental Results and Analysis 
In the following experiment, nT = 10, T 二 0.5，工0 = 100000, r = 0.05, 
At = 0.01. There is no transaction costs in the experiments. 
During 33 constituent stocks, we have 27 candidates to construct the 10-
stock portfolio, which had existed for at least 10 years before the experiment 
began. 
In the following, we list the results from the portfolio of 'BOEA' 'SINO' 
，HLP，'SHKP' 'SPA' 'CPA' 'CHEUNG , 'WHARF' 'HSB , 'HUTCHISON ' 
for the case when yr 二 0.1 and yr 二 0.3. Among all these 10 stocks, the 
total return rate over the 10 years are 0.2223, 0.6466, 0.5987, 0.2315, 0.1692, 
0.1610, 0.8098, 0.0459, 0.4967, and 0.8020 respectively. 
R e m a r k 5.2.1 When implementing the experiments, any operation is stopped 
once bankruptcy occurs. So target-ratio here means the target-hitting-before-
bankruptcy probability in the previous chapter. 
The experimental results are listed in Table 5.2. Summarizing the results, 
we get: 
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Table 5.2: Performance Comparison between yr 二 0.1 and yr = 0.3 
• y r = o . 1 y r = 0 , 3 
P o l l c y target-ratio msh-ratio mbratio target-ratio msh-ratio mbo-ratio 
"""NB 06000 L4523 0 02000 6.9117 0.0802 
CR 1 0.2645 0 0.9500 1.7912 0 
UN 1 1.4456 0 1 10.6288 1.8917 
NS 0.7500 0 0.3974 0.7500 0 11.9400 
NSCR 0.7500 0 0 0.6500 0 1.3978 
DUN 1 1.5860 0 1 11-7098 1.2899 
BAH 0.3500 0.4065 0 0.3500 2.1377 0 
NSBAH 0.1500 0 0.9767 0.0500 0 13.1419 
RM 0.5000 3.3716 0 0.5500 24.0863 0 
NSRM 0.9000 0 22.7469 0.5000 0 98.2075 
• Since T=0.5, we totally have 20 samples, based on which the value of 
target-ratio is summarized. 
• For all policies, msh-ratio and mbo-ratio both increase as yr increases. 
It shows that all policies are more aggressive to reach a higher target. 
• In this example, among 20 sets of parameters, the values of |6>|2 are 
high, which are higher than 7. 
• For UN and DUN, they both achieve the same highest target-ratio and 
the values of msh-ratio and mbo-ratio are also close while yr ranges. 
• NB achieves lower target-ratio than UN and the difference between 
them enlarges as yr increases. 
• CR is a simple policy, comparing to the other no-bankruptcy policy, 
NB. It performs pretty well in numerical experiments. 
• In the case of when yr=0.1, bankruptcy never occurs and the wealth 
is always beyond the initial wealth for all policies. When yr=0.3, 
82 
Chapter 5 Empirical Analysis 
bankruptcy occurs, min-wealth drops to -1.5292e+004 and zero-ratio 
go up to 0.45 for NSRM. For other polices, bankruptcy still not occurs 
and the wealth is not far away for the initial wealth. 
R e m a r k 5.2.2 That UN achieves a high target-ratio is observed in most of 
the experiments. 
5.3 Concluding Remarks 
In this chapter, we extend the numerical methods investigated in chapter 4 
to the real securities data. To compare the performance of the policies, we 
set up some indicators such as target-ratio. From the empirical results, we 




Many continuous-time mean-variance portfolio selection problems had been 
explicitly solved in recent years. To apply those research to the real financial 
market, we need to discretize the continuous-time optimal portfolios. In this 
thesis, we have studied the feasibility of the discretization of these optimal 
investment strategies and tested their performance in the simulated and real 
financial markets, which are inherently of a discrete-time nature. 
This thesis consists of three parts. And we have studied the continuous-
time optimal portfolios in three aspects. The first one is on the near optimal-
ity of the discretized the continuous-time optimal portfolios; the second one 
is on the validity of some probability properties in the discretization, and the 
last one is the empirical performance of the discretized optimal portfolio. 
In the first part, we concentrated on near-optimality of the discretiza-
tion of continuous-time mean-variance optimal strategies. We constructed 
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an indicator to tell whether the discretized continuous-time optimal strat-
egy is near optimal in the discretized market. In cases when the the the-
oretical values of the objectives are impossible to get, we tested the near-
optimality by Monte Carlo simulation. Besides, we also compared the dis-
cretized continuous-time optimal policies with some other widely used poli-
cies, such as optimal buy-and-hold policy and discretized continuous re-
balance policy. These comparisons were made for the mean-variance model 
with different constraints, e.g. shorting prohibition or bankruptcy prohibi-
tion. Our conclusion is that the discretized optimal continuous-time portfolio 
is near-optimal when the length of the t ime partition is small enough. 
In the second part , we studied the mean-variance policies from another 
aspect, which concerns the probability of achieving some given target and 
probability of bankruptcy. Based on the work of Li and Zhou [12], we cal-
culated the probability of bankruptcy during a given t ime horizon and the 
probability of achieving a given target before bankruptcy during the time 
horizon. To verify these probabilities after discretization, we simulated the 
discrete-time market, and compared the frequency from the simulated exper-
iments with that of the analytical results. By changing market parameters 
we also studied the effect of these changed on the probability. And we also 
compared these probabilities with those of other portfolios, e.g., optimal 
buy-and-hold policy, optimal rolling Markowitz policy and so on. 
In the last part, we implemented all the policies using the real securities 
data from Hong Kong stock market. The aim of these empirical analysis 
is to offer some reference and guidance to the investors when applying the 
mean-variance policies. 
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Whether in simulation or in empirical experiment, we are always con-
cerned about the probability of bankruptcy since the no-bankruptcy con-
straint is a hard constraint. So to solve a discrete-time no-bankruptcy prob-
lem analytically or numerically is good problem for further study. In addition, 
Solving a multi-climensional mean-variance problem with transaction costs 
is another challenging open problem. 
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